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A rather large computational effort is required for calculating the exact values of the spectral radiative
extinction, absorption and scattering coefficients in pulverized coal combustors, which contain a
polydispersed solid-gas mixture of reactants and combustion products (coal, char, fly ash and soot
particles and gaseous components). This computation becomes an especially significant problem in
comprehensive modelling of coal combustors, where these properties vary in space and time and where the
solution methods are iterative. A number of approximate expressions for calculating these coefficients for
each of the particle types, requiring practically insignificant computational effort, are examined for a wide
range of size parameters, by comparison with the results of the full Mie equations solved with Mathematica.
A set of these approximations, which typically produce errors of <8.9% and <5,1% in the spectral
extinction and scattering coefficients respectively, is recommended for use. The spectral absorption
coefficient for the gas components is obtained by using the exponential wide-band model. A solution of a
comprehensive model of a pulverized anthracite coal combustor shows that the combined error introduced
by the recommended radiative property approximations generates an error of < 1.45% in the combustor gas
temperature and radiation intensity profile predictions.
(Keywords: pulverizedcoal combustion; spectral radiative properties;computation)

The medium in a pulverized coal combustor is inhomogeneous and participates significantly in the radiative
heat transfer. It is a polydispersed mixture of reactant
and combustion product gases and of solid particles
consisting of coal, char, fly ash and soot, which emit,
absorb and anisotropically scatter radiant energy. Owing
to their different sizes and optical properties, each type of
solid particle has different radiative properties. Furthermore, these properties vary for each particle as its
temperature, size and shape change during its travel
through the combustor.
The radiative properties of the particles in the
particle-gas mixture can be obtained from electromagnetic theory. Although theoretical solutions were
derived long ago by Mie ~, reliable algorithms for
computing them for arbitrary size parameters and
refractive indices became available only relatively
recently2'3. Despite the great advance in computation
effectiveness, the formidable Mie equations still need
significant computational effort, especially when used in
models where the radiative properties vary in space and
time. Since computational schemes for the solution of
problems in which these properties are used are typically
iterative, the effort is enormously compounded and
therefore a simplified approximation is highly desirable.

Among authors concerned with the radiation by
particulates in coal combustors, Tien et al. 4 derived a
simple formula for the extinction coefficient of carbon
smoke by using approximate expressions for the radiation efficiency factor. However, its utility is limited to
particles for which the complex indices satisfy the
condition n - 1 ~ n k . Buckius and Hwang 5 analysed
the extinction and absorption coefficients for polydispersed absorbing particles. They used a downward
recurrence relation to calculate the infinite series of
Riccati-Bessel functions that was obtained from the
Mie scattering theory. They also derived an empirical
equation for spectral properties of coal that was based
on the asymptotic behaviour at small and large size
parameters, which makes its applicability limited.
Viskanta et al. 6 calculated the spectral coefficients for
pulverized coal and fly ash by the same method as
Buckius and Hwang 5, computing the efficiency factors
directly from the series expressions. Although the
calculation procedure in these two studies is straightforward, the approach of direct calculation from the
Mie equations is impractically time-consuming for
inhomogeneous media in which the radiation properties
vary in space and time. Wall e t al. 7 used the mean
absorption efficiency factor to calculate the absorption
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coefficient. However, this factor had to be determined
by using empirical absorption coefficients. Specifically
for the conditions in the early pyrolysis zone in coal
combustors, Grosshandler and Monteiro 8 obtained an
empirical equation for the spectral absorptivity of coal
and char particles of size 50-150 #m, with 5% accuracy
in the 1.2-5.3#m region. In the large size parameter
limit, pertinent to these conditions, the absorption
coefficient was then determined from the absorptivity.
By applying the anomalous diffraction limit 9 (called
the 'anomalous limit' here), Mengti 9 and Viskanta l°
obtained closed-form expressions for the spectral extinction and absorption coefficients of coal particles in a
combustor. The validity of the approximation however
is limited to the particle for which the refractive indices
are near 1 and the absorptive indices near 0. Among the
particulates found in a coal combustor, only ash particles
have such small refractive indices.
This paper uses a simplified set of equations to
describe the radiative properties of a particle-gas
mixture typical of the medium in pulverized coal
combustors, and determines the error in their use by
comparison with results from the exact models. It
thereby gives recommendations for specific simplified
equations that can be used in the computation of the
radiative properties of such media.

RADIATIVE PROPERTIES OF P A R T I C L E - G A S
MIXTURES

Radiative properties of gas components
It is well established that of the several gas components
in a pulverized coal combustor, water vapour and carbon
dioxide are the major absorbers/emitters of radiant
energy. Although other gases such as NO, SO2, CO and
hydrocarbons exist and may have some localized
influence, their overall contribution to flame emission
in a large combustor or boiler is relatively small (e.g.
<0.2% for NO and 2 - 4 % for SO2; the CO absorption
band is much weaker than those of CO2 and H20, and its
concentration is low, as it is converted to CO2) and
usually neglected II
Owing to the transition between discrete energy levels,
absorption and emission by gas species are important
only in certain wavelength regions. The primary infrared
bands considered in this study are those at 1.38, 1.87, 2.7
and 6.3 #m, as well as the pure rotational band, for H20,
and 2.7, 4.3 and 15#m for CO212'13
Radiative properties of gases are best evaluated by
considering their exact spectral description, or almost as
well by the use of narrow-band models. However, such
models require tedious and time-consuming calculation procedures. Wide-band models are much easier to
apply and typically yield sufficiently accurate results in
practical applications; Mengtiq ~4 for example has shown
that the Planck mean absorption coefficients calculated
by the exponential wide-band model are higher by only
3.64% and 6.67% at 1000 and 2000K respectively (at
P = l arm, Pco2 = PH20 = 0.1 arm) than those calculated by the narrow-band model. Tiwari 15 applied
wide-band models to realistic problems and justified
their use for gases such as CO2. Consequently, in this
study, the wide-band model with an exponentially
decaying band shape is used to calculate absorption
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coefficients of the gas components. Scattering by the gas
molecules is neglected,
For just-overlapping lines, the spectral absorption
coefficient for the gas component is expressed as 16-18

exp[F_tl ~,(T)
,-.ll J

= p =2_?i~~--

(I)

where N is the number of bands considered, t -- 1 for
bands which have head (i.e. asymmetric) bands and t = 2
for symmetric bands. In this expression, p is the mass
density of gas components, ~i is the integrated intensity
of the ith band, o.)i is the band wing decay width and ui
is the band head for the asymmetric bands and the band
centre for the symmetric ones. This expression gives
accurate results if there is a considerable line overlap,
i.e. in optically thick situations. The expressions for
oLi and cui and the parameters needed can be found
elsewhere 12A3,19 and are not repeated here.

Radiative properties of polydispersed particles
Mie scattering theory and radiative properties. Scattering depends on the optical properties of particles
(i.e. the complex refractive index, rn = n - ik) and the
size parameter (x = 7rd/A). Although the particles found
in a coal combustor are of irregular shape, the effect of
irregularity on the radiation characteristics is negligible
if a proper size distribution model is used 9'20'21 . Such a
model was indeed used here (see Particle size distribution, below) and it has consequently been assumed that
all the particles are spherical.
Usually four different types of polydisperse particles
exist in a coal combustor: pulverized coal, char, fly ash
and soot. As devolatilization is completed, a char particle
consisting of carbon and mineral matter is produced
from a coal particle. This solid carbon is consumed
by heterogeneous reaction with oxygen, leaving only
mineral matter if combustion is complete. In fact, the
char particle structure weakens during burnout and
consequently fractures. If combustion is not complete,
the resulting ash particles may be still bound with some
unburnt carbon. However, it is not clear when the breakup occurs: Flagan 22 suggested that it occurs at 90%
burnout, but here the assumption of Smoot and Pratt 23 is
adopted, that fragmentation does not occur until carbon
consumption is complete. As combustion proceeds,
spherical ash droplets are formed from coalescing
mineral matter. It is assumed here that upon c,ompletion
of char combustion, the ash breaks into several pieces,
depending on the chemical composition and combustion
conditions, and contributes to radiation. Throughout
the combustion process, hot particles of spherical or
filamentous carbon (soot) are formed by incomplete
combustion. Soot emits radiation over a continuous
spectrum and is a very important radiating component,
as is confirmed below.
By assuming single, independent scattering, the radiative properties of a medium containing polydispersed
particles can be obtained from 24
7rr2Qo(m, r, A)n(r)dr

q (m, N, A) =

(2)

J0

where q denotes either the extinction ( i l l the scattering
(or) or the absorption (n) coefficient. In this expression,
Q,t is the corresponding radiation efficiency factor, m
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is the complex refractive index of the particles, N is
the particle number density, A is the wavelength, r is the
particle radius and n(r) is the particle size distribution function.
The extinction and scattering efficiency factors, Q,3
and Qo, derived from the Mie theory are an infinite series
of a function of the Mie coefficients an and bng:
2

~C

Z(Zn+

1)Re(a n + bn)

(3)

n=l

2
Q~, = ~-~ _~l(2n + 1)(1%[ 2 + Ibn]2)

(4)

w h e r e a n and b n are

-- ~P'(mx)f'n(X) -- m~'n(mx)~l'(x)
an -- g/ (mx)~,(x) -- rn~(rnx)£" (x)

(5)

rn~', (mx)~, (x) - ~Pn(mx)~;, (x)
b, - m~bg(mx)C,(x) - ~k,(mx)~',(x)

(6)

with

ql = (nk) -1/2

p tan ¢~( ~ - )

(8)

2COS(p - 24~)

(V) 2

where ~h(x) and ~(x) are the Riccati-Bessel functions,
which are defined by the Bessel (J) and Hankel (H)
functions as

¢,(z) = (Trz/Z)l/2H~2)+,/2(z)

ptan ¢~(COS0~ s i n ( p - - 0 )

2P/
-4e

(7)

(12)

(2) Fly ash particles. As a result of char fragmentation,
each char particle breaks up into typically three (from
7 5 - 9 0 # m lignite) to five (from 38-45 #m bituminous
coal) ash particles 1 0 - 3 0 # m in diameter, and 200-500
fine ash particles 1 - 1 0 # m in diameter (10-20% of the
total ash mass) 26'27. When the oxygen concentration is
<8%, the mass of the fly ash particles in the 1 - 5 #m size
range is almost zero 28.
The typical size parameter of an ash particle at
A = 2 # m is thus of the order of 10, i.e. x >> 1. The
refractive index for fly ash is near 1 (i.e. Im - 11 << I). A
good approximation to the efficiency factors for these
conditions has been shown 9 to be the 'anomalous limit',
Q~(x,m) = 2 - 4 e

~h,(z) = (Trz/2)l/2J,,+ 1/2(Z)

q2 = 2/ql

and

+4

cos24
e -4xk

(e

O~(x,m) = 1 + 2-~-~-k+

(13)

4xk

1)

(14)

8x2k 2

where
/ k \

The radiative efficieno' factor.

As discussed above,
the calculation of the efficiency factors has been quite
complicated and time-consuming. Although the direct
solution of the Mie equations became much easier
and straightforward with the advance in computers
and algorithms 2'3'25, the associated effort in iterative
field modelling of combustors is still rather substantial,
and simplified approximations are highly desirable.
Such approximations have been derived for a number
of limiting cases of the size parameter and the complex
refractive index 9, and are examined here for suitability
for the particles existing in a pulverized coal combustor,
as follows.
(1) Coal and char particles. For pulverized coal,
typically having an average diameter of the order of
100 #m, and for the char particles which retain the same
order of diameter, and for the wavelengths of 1 - 1 0 / t m
which pertain to the conditions in typical coal cornbusters, the size parameter x is very large, of the order
of 10rr-100rr. The complex refractive index of the coal
and char particles is in the range ~ 1 . 6 - 3 . 6 at A = 2 #m.
For such large values of x(>> 1) with Iml > 2, an
asymptotic approximation, to the efficiency factors,
called the 'geometrical limit, was found quite suitableg[
It is given by

Q~(x, m) = 2

(9)

Q~(x,m) = ½(fi +f2)

p=2x(n-1)

and

(~=tan-l~n-~l)

The expression for the extinction efficiency factor can be
simplified further for non-absorbing spheres (k = 0, the
'dielectric limit') as

Q~(x,m)

=

2

4sinp
P

~

4(1 - c o s p )

p2

(16)

Since the imaginary part of the refractive index of fly ash
is very small (of the order of 0.01) 29'30, either Equation
(13) or Equation (16) can be used for calculating the
extinction coefficient of fly ash.
(3) Soot particles. The typical size of soot particles in a
coal combustor is in the range 0.02-0.06#m, making
their size parameter <0.2. For particles of such small size
parameter, the general Mie solution can be expanded
into a power series in terms of x. By expanding the
leading Mie coefficients a l, a2, a3, bl and b2 in a series,
Penndorf 31 approximated the efficiency factors as

Q/3(x,m) = ClX -~ c2X2 -~ c3X4

(17)

Q~(x,m) =ClX-~-C2X3-I'-C4X4-}-C5X6-~C6 X7

(18)

where the constants ci are given by

{
Cl =

24kn

}

4k2.2 + ~ Z k - 2 + n2)2

(10)

1

5

(19)
1

c2 = 4kn ~ + 3 16k2n 2 + [3 + 2 ( - k 2 + n2)] 2

where

617(k2 +n2)2 + 4 ( - 5 - k 2

.f,.=

(15)

[qi--ln(l+qi+~qT)l,

i=1,2

(11)

+5

+n2)]}

-U+n2)212
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are obtained for each of the particle types in a pulverized
coal combustor as follows.

8{
(l + k 2 + n 2 ) 2 - 4 n 2
c3 = ~ 1 q 4k2rt2 + (2 - k 2 + n2) 2

[-2 - k 2 ~ _ + ( k
2 + n2)212--36kan 2"~
q
[4k2n 2 + (2 - k 2 +/72)2] 2
J
8/
(1 + k 2 + n2) 2 - 4n 2 "~
c 4 = ~ , 1 - 4k2n 2 + ~ - ~ _ ~ +~5-~2 j

(22)

16 f [ ( k 2 q- n2) 2 - 4][(1 q- k 2 + n2) 2 - 4n 2]

I4-U +

:

(21)

(1) For coal and char particles. Using the 'geometrical
limit' approximation of the efficiency factors, Equations
(9) and (10), the expressions for the dimensionless
extinction and absorption coefficients for large coal
and char particles are

}
(23)

32 J'2kn[(1 + k 2 + n2)2 - 4n2]'~

(24)

J
The set of Equations (17)-(24) can be called the
Penndorf approximation.

fl*(m, A) - fl(m, A) 2aP(~ + 3)
NTr?2 -- N?2b,~+3

~*(m,,X) _ x(m,A)

a-

Nba+ 1

fl*(m,k) = ~ a

The exponent b is found from the condition of extremum
at the most probable (modal) particle size rm,
o~
b = -(27)
rm
where c~ is determined from experimental data. This size
distribution is used not only because of its popularity but
also because it is directly integrable and thus amenable
to this study's objective, the development of easily
computable approximations of radiative properties.
For example, the more appropriate distributions in the
work of Dunn-Rankin and Kerstein 33 do not provide
such an expression.

bc~+3

(30)

{2r(~+3)b
~+3

4cos ~ sin[(c~ + 2)~ - ~b]F(c~+ 2)

c~+3(c~ + 1)/~+2)/2
4cos 2 ¢cos[(a + 1)~ - e]r(~ + 1)
C~+3(C~ + 1) (a+l)/2
4cos 2 ¢cos(24~)F(& + 1)/

C~b~+~
t~*(m, A)

J

(31)

a ]P(c~+3)
C3r(c~+2)
~ V ~T3 q
C~+2
r ( a + 1)

(26)

r(~ + 1)

2N~2

(2) Forfly ash. Application of the 'anomalous limit',
Equations (13) and (14), to fly ash gives the dimensionless coefficients

(25)

By integrating the distribution function over all size
ranges, the size-distribution coefficient a is obtained as

a(A +A)P(c~ + 3)

NTr~2 -

Particle size distribution. To integrate Equation (2),
an expression for the particle size distribution is needed.
Inclusion of a proper distribution function is also known
to reduce the effect of irregular particle shape on the
properties. The gamma distribution formula 32 is used
in this study:
n(r) = ar% br

(29)

P ( a + 1)] }

(32)

where
47r
1),
G = T (n 2
C 4 :- b + ~33'

b
C 2 = -~- q- tan qS,
t-i
1
/l) = tan-t C--2

C3 =

A
4rrk'
(33)

If the imaginary part of the refractive index is
very small (of order 0.01), the following equation,
obtained from Equation (16), can be used instead of
Equation (25):
a
fl*(rn, A) -- S r 2

Simpl(fied expressions for the radiative properties. Substituting the size distribution function, Equations (25)(27), and the simplified expressions for the efficiency
factors into Equation (2), the spectral extinction and
absorption coefficients of the various solid particles can
be found. The resulting extinction and absorption coefficients, non-dimensionalized with respect to the overall
mean radius defined as

f 2r(c~ + 3)
4 r ( ~ + 1)
C2b a+,

4 sin[(c~ + 2)x]r(c~ + 2)
Cl(b 2 + C~) (0~+2}/2
4cos[(c~ + 1)x]r(~ + 1)~
C2(b 2_.~ C2)(c~+1)/2

I

(34)
where

~ _ Jo n(r)rdr
Jo n(r)dr

1 l ~ n(r)rdr
N o

a+ 1
b

o~+ 1 r m
c~
(28)
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X = tan- l __CJ
b

(35)

(3) For soot particles. The Penndorf approximation,
Equations (17)-(25), is used to obtain the dimensionless
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fl*(m,A) = ~
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2

cr
2rra 8 m 2 - 1 P(a + 4)
NTrF2 -- -N2f 3 x4 m 2 q- 2
Ab '~+4

fl* = ~* + or*

In addition to the above proposed approximations,
there are, as mentioned in the introduction, two other
approximations of radiative properties, which have been
considered in this study:

Qz~ = 211 - e -cp]

(41)

which gives after integration
~7-3

"

F(c~ + 3)
[4rr(n - ~-GT,~+ b] "+ 3

J

(42)

where
z

6n
4n 4 - 8n 3 + 8n 2 + 4n + 1

(43)

and
P--

(44)

[+1

[
=1

]

i

i

~ll

100

x32F =

12A,f~r2n(r)dr ~,

m z +2/]

(47)

J0

and the dimensionless coefficients are defined as
~c fl' ~
I 7rr2n(r)dr

(48)

o

The same particle size distribution, Equations (25)(27), was used to obtain the radiative coefficients.
Once the radiative properties of each component are
found by the approximations, the combined effect of the
particle-gas mixture can be obtained by adding their
contributions:
/2

/~ = Z ( / ~ p ) i "~ Z ( / ~ g ) j
i 1
.j- 1

(49)

m

m
1 + \0.016J j

\0.0275J

(50)

i=1

I 1(45)

+[ix32F~l.1-J

1[1+ x32 21 l
=

L

= ~ + Z(~p),

(b) Buckius and Hwang 5."

'

i

where m and n are the numbers of particle types and gas
components respectively, and

47r(n- 1)r
A

[+]

i

where

m

G

l l l L

Figure 1 Efficiency factors of coal (m = 2.02- 0.8i, solid line) and
char (m - 2.09 - 0.92i, dashed line) particles as a function of size
parameter (x), as computed by the Mie theory (E) and the geometricallimit (G), anomalous-limit (A), dielectric limit (D) and Tien et al. (T)
approximations: a, extinction efficiency factor (Q;0; b, scattering
efficiency factor (Q~)

fi, t; -

(a) Tien et al.4:

-'~ Nrr t

i

Size parameter x

(40)

2a ~F(c~ + 3)

i

(39)

obtained by including higher-order terms in the series
expansion of the Mie coefficients. Also,

3*

i

10

It is noteworthy that the Penndorf approximation is
an extension of the Rayleigh limit approximation

1

l

q- ( x 3 2 F ) 1.16

(46)

RESULTS A N D DISCUSSION
Evaluation of the approximations
The approximations proposed above were used to
compute the spectral properties of the particle types
under consideration, and the results were compared with
those obtained from the rigorous Mie theory. The
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Figure 2 Efficiency factors of fly ash (m = 1.5 - 0.01i) as a function

Figure 4 Dimensionless extinction and scattering coefficients of coal

of size parameter (x); as computed by the Mie theory (E) and the
geometrical limit (G), anomalous-limit (A), dielectric-limit (D) and
Tien et al. (T) approximations: a, b as in Figure 1

(m = 2.02 - 0.8i, solid line) and char (m = 2.09 - 0.92i, dashed line)
particles (d = 100#m, a = 4) as a function of size parameter (x), as
computed by the Mie theory (E) and the geometrical-limit (G),
anomalous-limit (A), dielectric-limit (D), Tien et al. (T) and Buckius
and Hwang (B) approximations: a, dimensionless extinction coefficient
(#*); b, dimensionless scattering coefficient (~*)
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Figure 3 Efficiency factors of soot particles (m = 1.98 - 0.93i) as a
function of size parameter (x), as computed by the Mie theory (E) and
the Penndorf (P), Rayleigh (R), and Tien et al. (T) approximations: a, b
as in Figure 1

tedious and repetitive calculation procedure required for
obtaining the Mie coefficients was simplified by using the
symbolic language Mathematica (Wolfram Research,
Inc.). The calculation of the infinite series of RiccatiBessel functions was continued until the order of a new
term was < 10 -6. The symbolic computation procedure is
very simple, and the computing time increases exponentially with the size parameter.
To obtain the best compatibility with the chemical
reaction kinetics in the authors' combustor model
(below), anthracite was chosen as the coal because it
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has the highest C : O and C : H ratios and the least
amounts of other elements. Figure la shows that all
approximations of the extinction efficiency factor of coal
and char particles (for anthracite, m = 2.02 - 0.8i, from
ref. 34; for char, m = 2.09 - 0.92i, from ref. 32), as well
as the exact solution, converge to the 'geometrical limit',
where Qf~ = 2.0, as the size parameter x increases. The
approximations produce relatively large errors at x = 1,
of ,,q5.9%, ~26.5% and ~30.7% for the geometrical,
anomalous, and dielectric limits respectively; the error
increases and then decreases as x increases. At x = 100,
for example, the error is 4.6% for the geometrical and
anomalous limits, and 4.8% for the dielectric limit. The
anomalous limit suggested by Mengfiq and Viskanta 1°
for coal produces errors of up to 26.5% because of the
high refractive index. For particles of moderate size
parameter (1 < x < 27), none of the approximations
gives a good result (the error is >10%), and the general
Mie scattering equations must be used.
For the scattering efficiency factor, on the other
hand, Figure lb shows that the geometrical limit is a
good approximation for x > 2, with errors of 7.1% and
3.5% at x = 2 and x = 100 respectively, and is clearly
superior to the other approximations.
For particles with a large size parameter and a low
refractive index (x >> 1 and tm - 11 << 1), such as fly ash
(m = 1.5 - 0.01i, ref. 35), both the anomalous limit and
the dielectric limit exhibit an oscillating pattern similar
to the exact Mie solution (Figure 2). The errors in the
extinction efficiency factor for size parameter x = 30
(d = 2 0 # m and A = 2 # m ) are 7.9% for the anomalouslimit approximation, and 5.3% for the dielectric-limit
one. The errors in the scattering efficiency factor are
much smaller: 1.0% and 4.8% for the anomalous-limit
and dielectric-limit approximations respectively.

Spectral radiative properties of particle-gas components: C. Kim and N. Lior

5
2

i

i

i

i

i

l l l l

,

.

.

.

.

,,

5
*t~ 2

i

,

i

i

i

LJII

i

. . . .

,,

10
Sizeparameterx

100

Figure 5 Dimensionlessextinction and scatteringcoefficientsof fly ash
(d = 20#m, ~ = 4, m = 1.5 - 0.01i) as a function of size parameter (x),
as computed by the Mie theory (E) and the geometrical-limit (G),
anomalous-limit (A), dielectric-limit(D) and Tien et al. (T) approximations: a, b as in Figure 4

0.1
i

L

i

i

i

Ill

I

I

I

I

I

I

I

1o (b)
' P/~R
1
"~ 0.1 ~ / / / ~ ,
E
0.001

0.1

Size parameter x

Dimensionlessextinction and scanering coefficients of soot
particles (d = 0.06 #m, c~= 3, m = 1.98 - 0.93i) as a function of size
parameter (x), as computed by the Mie theory (E) and the geometricallimit (G), anomalous-limit (A), dielectric-limit (D), Tien et al. (T) and
Buckius and Hwang (B) approximations: a, b as in Figure 4

Figure 6

F o r soot particles (m -- 1.98 - 0.93i, ref. 36) of d =
0 . 0 2 - 0.06#m, the Penndorf approximation is a good
choice: as seen in Figure 3, the errors in Q~ and Q~ for
x = 0.1 (typical for soot in coal combustors) are 0.003%
and 0.08% respectively. At the same x, the Rayleigh
approximation and the correlation by Tien et al. 4
produce errors of 1.2% and 0.4% respectively in the
extinction efficiency factor. The correlation deviates
strongly from the exact solution in the medium sizeparameter range, because the expression was derived

from the Rayleigh limit and interpolated to meet the
geometrical limit as x ~ re. The expression is indeed
very simple, but its use is thus limited to either very small
or large particles. Originally this correlation was developed on the assumption of n - l - - k ,
which is a
reasonable condition for soot particles.
Figures 4 - 6 show calculations of the dimensionless
extinction and scattering coefficients for coal/char, fly
ash and soot particles. The approximate solutions were
compared with the exact Mie solutions, which were
obtained by numerical integration of Equation (2). As
seen in Figure 4a, the only empirical correlation by
Buckius and Hwang 5 predicts values of the extinction
coefficient of coal/char particles of moderate size
parameter (1 ~< x ~<60) that compare reasonably with
the values obtained from the exact Mie solution, giving
an error ~<5.9%. Since the deviation of this approximation from the exact solution increases rapidly beyond
x = 17, the most simple geometrical-limit approximation
is better for particles of larger size parameter (x > 60),
although the other approximations examined here also
give the same results in that range. The geometrical limit
produces errors of 5.5% and 4.0% at x = 60 and x = 100
respectively, and the error decreases as the size parameter
increases. Since the size parameter of coal/char particles
reaches high values (up to 1007v when d = 100#m) in
coal combustors, the geometrical limit is suitable for
evaluation of their extinction coefficients.
Unlike the situation for the extinction coefficient,
Figure 4b shows that the correlation of Buckius and
Hwang 5 is suitable for calculating the scattering coefficient only in a relatively narrow range of size parameter:
the error is limited to 10% only at 42~< x ~<63 and the
approximation is the best of all in the range of 1 ~< x ~<7,
matching the exact solution there within an error of
1.5%. For size parameter x~>7, the geometrical limit
should be chosen, with the error increasing to 3.9% at
x = 100. Owing to the high refractive indices of coal and
char, i.e. [ m - 1 [ ~ 1, neither the anomalous nor the
dielectric limit gives good agreement with the exact
solutions for these particles.
For fly ash, the oscillating pattern resulting from
solutions using the anomalous- and dielectric-limit
approximations (Figure 2) matches the exact solution
better than do the other approximations, but, as seen
in Figure 5a, the errors in the extinction coefficient for
small size parameter are as large as - 2 0 . 9 % (for the
anomalous limit) and - 1 9 . 9 % (dielectric limit). It is
noted that, fortuitously, the approximations underestimate the extinction coefficient for clean fly ash,
whereas in real combustors the fly ash is usually attached
to some unburnt carbon which tends to increase its
absorption coefficient. Nevertheless, owing to the relative large error and since only clean fly ash is considered
here, and since it is very difficult to predict the amount
of attached carbon, the exact solution is recommended
at moderate size parameters (2 ~< x ~<30). For x > 40, all
the approximations converge to the geometrical limit,
with ~<7% error thereafter until x = 100. The trend is
similar for the scattering coefficient (Figure 5b), but both
the anomalous- and dielectric-limit approximations are
clearly superior to the geometrical-limit one, producing
an error ~<10% in the discrete ranges 8.6~<x~<10.5,
l l . 6 ~ x ~<14.5 and 16.2~< x ~< 100.
As seen in Figure 6b, all the approximations for the
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Table I Range of size parameter x in which each approximation produces an error of ~<10% in the extinction coefficient/3 and the scattering
coefficient
Coal/char
Approximation

Equation

3

Geometrical limit

29, 30

Anomalous limit

31, 32

Dielectric limit

Ash

Soot

a

3

c~

~

c~

23-100 a

1-100

25 100n

12-28

NAh

NA

23-100"

NA

25-100 a

16-100

NA

NA

34, 32

23-100 a

NA

25 100a

16-100

NA

NA

Tien e t al. 4

42

23-100 ~

ND c

25-100 a

ND

0 0.14

ND

Buckius and Hwang 5

45, 46

1-100

1 60

28 34

42-63

0 0.08

NA

Rayleigh limit

38, 39

NA

NA

NA

NA

0 0.18

0 0.34

Penndorf 31

36, 37

NA

NA

NA

NA

0 0.38

0 0.16

29, 45

30

31, 34

32

36

37, 39

Recommended equation(s)
" May be used for x ~ oe
h Not applicable
c Not defined for scattering coefficient

extinction coefficient of soot particles are quite accurate at x up to N0.1, and the Penndorf approximation
is the most accurate at x up to ~0.4, where the error is
10%. Its superiority over the Rayleigh approximation, which uses only the first leading term of the series
expansion, is simply due to the use of higher-order terms.
The other approximations produce much larger errors,
of 17.9% (Rayleigh)~ 36.0% (Tien et al. 4) and 43.2%
(Buckius and Hwang ). Although x for soot particles in
coal combustors is ~0.2, at which level the errors
produced by the other approximations become smaller,
it is clear from Figure 6a that the Penndorf approximation is still the best, producing a maximum error of 0.3%
at x = 0.2. For the scattering coefficient (Figure 6b), on
the other hand, the Rayleigh approximation is better
than the Penndorf approximation, with errors of 4.7%
and 13.0% respectively at x - - 0 . 2 . It is in any case
noteworthy that the single-scattering albedo w ~<0.044
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extinction and scattering coefficients of fly ash for n = 1.5 and k = (a) 0,
(b) 0.01, (c) 0.05, (d) 0.307, (e) 0.6
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at x 4 0 . 2 , and that scattering by soot particles is
therefore practically negligible.
To facilitate the choice of approximations for computing the radiative coefficients of the particles in coal
combustors, a summary of the size-parameter ranges
in which the approximations produce an error < 10% is
given in Table 1.

Uncertainty in the complex refractive index and its effect
on the properties
For both fundamental and practical reasons it is of
interest to examine the effect of the magnitude of the
complex refractive index of the particles on the values
of the extinction and scattering coefficients. A case in
point, examined below, is that many different values of
the complex refractive index of ash are to be found in the
literature 37, with the absorptive index k varying from
0.005 to 0.6 and the refractive index n from 1.4 to 1.7. Fly
ash was chosen for examination because it can significantly affect radiative heat transfer in coal combustors,
and the uncertainty in its complex index could create
unacceptable errors in predicting heat transfer and
consequently combustor performance and emissions.
Using the exact Mie equations, a comparison of the
extinction and scattering coefficients was made for
several different values of k, including the dielectric
case (k = 0), with n = 1.5. The results are shown in
Figure 7. For low absorptive indices, k~<0.01 (cases a
and b), sharp oscillations are observed in the shortwavelength region (A < 6 #m), requiring high computational resolution. The oscillations disappear at longer
wavelength or for higher absorptive indices. In general,
the effect of k on the extinction coefficient peaks at
A = 4.7 #m, reducing the extinction coefficient by 2% for
a fivefold increase in k (from 0.01 to 0.05) at that
wavelength. At the wavelength typical of radiation in
pulverized coal combustors, A = 2#m, the effect of k,
throughout the range investigated, on the extinction
coefficient is only 5.7%. However, its influence on the
scattering coefficient is 40.5%, owing to the consequent
increase of two orders of magnitude in the absorption
coefficient as k increases. Further analysis of the
sensitivity of the radiative properties to the refractive
index for particles of small size parameter can be found
in the paper by Kim et al. 38.
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and by the correlation suggested by Buckius and
Hwang s. The results for the pre-ignition zone are
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The radiative coefficients of the gaseous components
were computed by the exponential wide-band model,
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Radiative properties of the particle-gas mixture
The spectral extinction and scattering coefficients of
the entire particle-gas mixture in a coal combustor, in
the wavelength range 1 - 1 0 # m typical of the interior of
such a combustor, were compared by computing the
particulate-component coefficients by a combination of
the above approximations, summarized in Table 1 and

where ~ = 14388/AT and Ib is Planck's black-body
function. /3 is computed by the approximations. The
coal was taken to be dry, ash-free anthracite (initial mass
concentration 0.01 kg m - ) with particle size characterized by d = 100fro and d m = 8 0 # m . In practice,
typically 70-80% of the coal particles pass through a
74 #m screen 39, but larger particles were used both in the
present work (100#m) and by others 28 ( 9 0 - I 06 #m).
This anthracite was assumed to have a volatile matter
of 7.3 wt%, an elemental composition (wt%) of 93.5 C,
2.6H, 2 . 3 0 and 0.9N, and a refractive index m =
2.02 - 0.80i. The refractive index of char was taken as
m = 2.09 - 0.92i. It was assumed that four ash particles
of d = 20 #m and 350 smaller particles of c] = 5 #m, all
having a refractive index m = 1.5 - 0.01i, were produced
from each coal particle. Since no size distribution data
for the ash particles were available, the same distribution as that of the coal was assumed. The soot particles
were characterized by d = 0.06 ~m, d m = 0.045 #m and
m = 1.98 - 0.93i.
The explanation of Figures 8 and 9 is as follows. As
coal particles approach the flame zone, char particles
are produced by devolatilization. The volatile matter
burns immediately in the gas phase, and accordingly the
concentrations of CO2 and H 2 0 increase. The contribution of the gas components, especially water vapour,
to the radiative properties of the mixture is prominent,
as clearly seen in Figures 8 and 9. To calculate the
radiative properties in the pre-ignition zone, it was
assumed that 50% of the coal consists of volatile
combustible matter which is released and burnt to CO2
and H20. Given the initial mass concentration of
the coal, the concentration of each component in
the pre-ignition zone is thus determined to be: CO,
0.01467 kg m-3; H 2 0 0.00117 kg m 3; coal 0.005 kg m - ~
and char 0.00483 kgm 3. Since the geometrical limit
is used for coal and char particles, their contribution to
the radiative coefficients is constant throughout the
wavelength range considered here, as seen in Figure 8a.
The geometrical limit yields a lower value for the
extinction efficiency factor than the Mie result, especially
at longer wavelengths, and thus the extinction coefficient is underestimated through the combined approximation by 3.0%, 4.9% and 6.3% at A = 2, 5 and 8 # m
respectively (Figure 8b). The empirical correlation of
Buckius and Hwang 5 generally yields lower values
(12.4%, 5.8% and 3.4% errors at the same wavelengths).
Similar results were obtained for the scattering coefficient (Figure 8c), with the approximations producing
errors of 4.3%, 2.8% and 1.8% and the Buckius
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and Hwang s correlation producing errors of 12.8%,
9.2% and 7.6% for the respective wavelengths. Since
scattering by gas components is usually neglected, there
is no effect of CO2 and H20 on the scattering coefficient.
It is to be noted that Planck's mean absorption
coefficient may differ from the average of the spectral
properties computed by the approximations and the
Mie equations and shown in Figures 8 and 9, because the
spectral properties here are computed only in the
1-10 #m wavelength region, so the contributions from
the absorption bands of the gases and the variation of
the properties of the particles outside this wavelength
region (especially the 15#m band of CO2 and the
increase in the extinction coefficient of soot < 1/~m) do
not appear in the figures. Since the radiation in coal
combustors is most intense at A ~ 2 #m, the effects of
such bands are not significant in overall radiative
transfer. Planck mean coefficients, on the other hand,
are obtained by integration over the entire spectrum
(Equation 51) and thus include the contributions of
wavelength bands outside the 1-10 #m range shown in
Figures 8 and 9.
As combustion continues, the effect of large particles decreases. While the number of coal and char
particles decreases in the flame region, that of ash and
soot particles increases. On the assumption that 50% of
the char is completely burnt, the concentration of both
char and ash particles in the flame zone is taken to be
0.00483kgm -3, and the volume fraction of the soot
particles, in the absence of specific information for
anthracite, was chosen to be 7.0 x 10 8, at the lower end
of soot concentrations reported 4° for fires of various
combustibles. The concentrations of CO2 and H20 also
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increase further to 0.01729 and 0.00234kgm 3 respectively in the flame zone, as a result of the oxidation of
carbon and hydrogen.
The contributions from each component to the
scattering coefficient, as well as the extinction and
scattering coefficients for the entire mixture, are shown
in Figure 9. Although the peak is not shown to full
extent in Figure 9a and b, the extinction coefficient in the
flame zone reaches almost 12m -I owing to the 4.3#m
absorption band of CO2. Whereas the approximations
produce 8.9%, 11.0% and 9.1% errors at A = 2, 5 and
8 #m respectively in the extinction coefficient (Figure 9b),
the Buckius and Hwang 5 correlation gives much higher
errors, 43.1%, 46.3% and 39.2% at the same wavelengths. Using the approximations, the errors in the
scattering coefficient (Figure 9c) at the same wavelengths are 5.1%, 11.5% and 9.3%, whereas the Buckius
and Hwang 5 correlation gives errors of 61.2%, 7.0%
and 65.7%. Since the major deviation of this empirical correlation from the Mie results occurs in the
scattering coefficient, it gives slightly better results for
the prediction of the absorption coefficient, with errors of
11.8% in the pre-ignition zone and 13.8% in the flame
zone, both at A = 2#m, The approximations produce
14.2% and 15.1% errors in the same regions at the
same wavelength.

Effect of the approximation errors on the temperature and
radiation fields in a pulverized coal combustor
In addition to the above evaluation of the suitability
of simplified expressions for determining radiative
properties, it is also of interest to evaluate the effect of
errors and uncertainties in these properties on the overall
behaviour of pulverized coal combustors. This analysis was performed by computing the temperature and
radiation intensity distributions along such a combustor
with radiative properties varied by +5% and +10%
from the values determined by the approximations. The
computation was made using a comprehensive numerical
model developed by the authors 41, which considers the
heat transfer, fluid mechanics and reaction kinetics
in such a combustor. The combustor concerned is a
vertical, well-insulated refractory drop-tube, 2.13 m long
and 5.08cm i.d. The coal burnt is anthracite (VM
10,8 wt% db, ash 20.6 wt% db, gross CV 27.73 MJ kg-1),
of particle size d = 100 #m, fed at 90 mg s l; 100% excess
air is provided. A step temperature distribution along
the interior surface, with T = 294 K over the first 36% of
the tube length and T = 1255K over the remainder
(Figure lOa), was assigned as a boundary condition
typical of experimental data for this combustor.
Figure lOb shows the axial concentration profiles of
the combustion reactants and products, as computed
by the model 41. Figure lOc shows the axial distribution
of the contributions of the individual components to
the absorption coefficient. As combustion commences,
water vapour, CO2, and soot and ash particles are
produced. It is noted again that although some other
gases, in particular CO, may affect the radiative properties of the mixture, the only gases considered in this
radiative transport model, in consonance with most
other coal combustion models, were water vapour and
CO2. Figure lOc shows that whereas only the coal
particles determine the radiative properties of the
mixture in the pre-ignition zone, the water vapour and
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soot have the dominant effect on the radiative properties
in the flame zone (contributing 69.7% and 21.4%
respectively to the total absorption coefficient at the
exit of the combustor). It is hence noteworthy that
proper accounting of the concentration distribution and
radiative properties of these components is important for
characterizing flame and combustor behaviour. The
axial distribution of the absorption, scattering and
extinction coefficients of the entire mixture is shown in
Figure lOd. The gradual decrease in these coefficients
near the middle section of the combustor is primarily due
to the velocity increase as the particles approach the
flame front, causing a reduction in their number density.
The gas temperature and radiation intensity distributions are shown in Figure ll. It was found that a =k5%
variation in the radiative properties resulted in only
0.48-1.05% change in the gas temperature and 0.360.54% change in the radiation intensity. A +10%
variation in the radiative properties resulted in a
change of 0.91-1.45% in the gas temperature and
0.72-0.9% change in the radiation intensity. When the
magnitudes of the properties decrease, i.e. the medium
becomes optically thinner, more radiation energy is
transferred from the flame zone to the pre-flame zone,
increasing the radiation intensity in the pre-flame zone
and decreasing that in the flame zone. Since the
approximations proposed in this study produce errors
of ~ 2 - 9 % at A = 2 #m (Figures 7 and 8), the combustor
analysis indicates that the use of these approximations produces negligible errors in the modelling
presented here, at least when the coal is anthracite. The
suitability of these approximations for modelling the
combustion of other coals, as well as to coal combustion processes in which radiative-property-altering
quantities of CO and hydrocarbon gases are present,
remains to be explored but is not expected to change
significantly.

CONCLUSIONS AND RECOMMENDATIONS
The high computational eflbrt associated with the
solution of the Mie equation has often forced the use
of extreme assumptions which simplify the computation
of the radiative properties but introduce large (or
unknown) errors in the analysis and modelling of heat
transfer and combustion in high-temperature particlegas mixtures.
A number of approximate expressions for calculating
these coefficients for each of the particulate types, which
require a small fraction of a second on a 66 MHz PC,
were examined here in a wide range of size-parameters by
comparison to the results of the full Mie equations. A set
of these approximations, which typically produce overall
errors of less than 8.9% and 5.1% in the spectral
extinction and scattering coefficients, respectively, was
selected and recommended for use for the combustion
reactants and products in pulverized coal combustors, as
characterized by composition, particle sizes, and refractive indices. The more specific major conclusions are:
1. For pulverized coal and char particles of moderate
size parameter (1 <~x <~60), the empirical correlation
of Buckius and Hwang 5, Equation (45), is a good
approximation (error ~<5.9%) for the extinction
coefficient. For particles of larger size parameter,
the geometrical-limit approximation, Equation (29),
is recommended (error 5.5% at x : 60, 4.0% at
x = 100). For the scattering coefficient for coal/char
particles, the geometrical-limit approximation, Equation (30), is good up to x = I00, with error ~<3.9%.
2. For fly ash particles, either the anomalous-limit
approximation, Equations (31) and (32), or the
dielectric-limit approximation, Equation (34), is
recommended (for x ~>30, the error in the extinction
coefficient is ~<6.0% and the error in the scattering
coefficient is ~<1.9%). For particles of smaller size
parameter (x~<30) however, the approximations
produce errors which increase to 20% as x decreases
to 6. If higher accuracy is needed in this range, the
exact Mie solution should be used.
3. For soot particles, the Penndorf approximation 31,
Equations (36) and (37), gives accurate results for
the extinction coefficient (0.27% error at x = 0.2), but
the Rayleigh-limit approximation is better for the
scattering coefficient (error ~<4.7% at x ~<0.2). It is
noted that scattering by soot particles is usually
neglected because typically w ~<0.044.
4. The use of the proposed approximations thus
produces an error of < 10% in the radiative properties
in both the pre-flame and flame zones in a pulverized
anthracite combustor, which generates a negligible
error in the gas temperature and radiation intensity
predictions.
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NOMENCLATURE
a
an
b
bn
C
d
I
Ib
k
L
N
m
n
Q
R
r
T
x
c~
F
/g

A
b'

P
o
03

coefficient in particle size distribution
Mie coefficient
exponent in particle size distribution
Mie coefficient
concentration (kg m -3)
diameter of particle (#m) 2
!
radiation intensity (kW m- #m- ) 2
l r)
Planck's black-body function (kW m- #m- sabsorptive index
combustor tube length (m)
total number of particles in unit volume (m -3)
complex refractive index, = n - ik
refractive index
radiation efficiency factor
inside radius of combustor tube (m)
radius of particle (#m)
temperature (K)
size parameter, 7rd/A
integrated band intensity (m kg -1) or size distribution parameter
extinction coefficient, = ~ + a (m l)
gamma function
absorption coefficient (m- 1)
wavelength (#m)
wavenumber (m 1)
mass density (kg m -3)
scattering coefficient (m -1)
single scattering albedo, = 1 - ~//3, or band wing
decay width ( m - )

Subscripts
g
m
p
w

gas
modal size
particle
wall

Superscript
*

dimensionless parameter

