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Figure 1: Simulation frames of pure water and water coupled with free rigid sphere. All these results are simulated using FLIP.

Abstract

In this project, we simulate liquid with weakly coupled rigid body
using FLIP [Zhu and Bridson 2005] based on Christopher Batty’s
barebones 3D fluid simulator1. We simulated both one-way and
two-way rigid-fluid coupling, i.e. liquid coupled with scripted rigid
sphere and with free rigid sphere. The motion of the free rigid
sphere is computed by integrating fluid pressure force [Batty et al.
2007] around it and by manipulating collision and contact between
the sphere and the container. In order to explore numerical dissipa-
tion [Bridson 2015], we also experimented Particle-In-Cell method
(PIC) and semi-Lagrangian advection in our simulation. The re-
sults of both one-way and two-way coupling with different advec-
tion schemes will be compared and analyzed in this report. Be-
sides, Intel’s TBB2 is also applied to accelerate the simulation by
parallelizing Single-Instruction-Multiple-Data (SIMD) subroutines
on CPU.

1 Introduction

Physics based simulation has been increasingly popular for creat-
ing faithful visual effects. It holds out the promise of automati-
cally generating detailed and physically-plausible motion for phe-
nomena such as smoke, water and explosions, and their complex
interactions with dynamic solid objects. For the purpose of learn-
ing and practicing, this project aims to implement an efficient and
robust rigid-fluid coupling simulator based on Christopher Batty’s
barebones 3D fluid simulator, which will be referred to later in this
report as the baseline program/algorithm.

The baseline program initially can simulate inviscid free surface
liquid with a spherical container using semi-Lagrangian advection
scheme. A rigid sphere has been added as the solid object interact-
ing with the liquid, where rotation of the sphere is not considered.
The one-way coupling method that consider solid velocity (~usolid)
terms in the linear system and ~usolid’s influence on the fluid ve-
locity extrapolation and constraint has been implemented. For a
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1See https://github.com/christopherbatty/Fluid3D
2TBB: Intel’s Threading Building Blocks library.

free rigid sphere, in our weakly coupled scenario, the motion is
computed by first calculating its net force and acceleration from
surrounding fluid pressure gradient and collision and contact, and
then advance it in the time step with this constant acceleration. In
strongly coupled simulation [Batty et al. 2007], ~usolid is directly
solved from the linear system in the pressure projection stage. We
will give a description of this strong coupling method in this report.

In order to visualize the result in real time for easy judgment,
Xinxin Zhang’s faithful surfacing method3 is added to the simu-
lator to construct liquid surface from fluid marker particles. There-
fore, the output of the simulator is a liquid mesh and a position of
the sphere in each frame. The final result is rendered in Autodesk
Maya 2013 with refraction and reflection effect and environment
mapping. In this report, the description of the practical implemen-
tation will be presented, so as the simulated results differed from
solid type, i.e. sphere with predefined uniform circular motion and
free sphere, and different advection schemes. The analysis of nu-
merical dissipation and the schemes to reduce the error will also be
discussed.

2 Related Works

Fluid Simulation

Generally, there are two approaches to track fluid motion, the La-
grangian viewpoint and the Eulerian viewpoint. [Bridson 2015] The
Lagrangian approach treats fluid just like a particle system. Each
point in the fluid is labeled as a separate particle with position and
velocity. The Eulerian approach look at fixed points in space and
see how the fluid quantities measured at those points change in time.
The spatial derivatives of fluids are easier analytically to be approx-
imated on a fixed Eulerian mesh than a cloud of arbitrary moving
particles.

For the pioneer works, [Foster and Metaxas 1996] used finite dif-
ferences to solve the Navier-Stokes equations. [Stam 1999] intro-
duced the semi-Lagrangian method for advection. [Foster and Fed-
kiw 2001] combined Lagrangian particles with the level set method
to track the free surface of liquids.

3See https://github.com/zhxx1987/tbb liquid amgpcg
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Solid-Fluid Coupling

The solution for solid-fluid coupling problems is based on the rela-
tions of continuum mechanics and is mostly solved with numerical
methods. It is a computational challenge to solve such problems
because of the complex geometries, intricate physics of fluids, and
complicated fluid-structure interactions. [Benra et al. 2011]

[Takahashi et al. 2002] presented a simple method for coupling flu-
ids and rigid bodies, where the rigid bodies provide velocity bound-
ary conditions to the fluid and the resulting pressure subsequently
provides a net force and torque on the rigid bodies.

[Carlson et al. 2004] introduced rigid fluid method that uses dis-
tributed Lagrange multipliers to animate the interplay between rigid
bodies and viscous incompressible fluid with free surfaces. This
method treats the rigid objects as if they were made of fluid. It is
straightforward to implement and incurs very little computational
overhead.

[Batty et al. 2007] put forward a variational interpretation of pres-
sure that couples fluid and rigid bodies for grid-based fluid simu-
lation. The essence of the idea is that, by rephrasing the classical
pressure projection step as a kinetic energy minimization, it permits
a robust coupling between fluid and arbitrary solid simulations that
always gives a well-posed symmetric positive semi-definite linear
system.

3 Fluid Simulation

3.1 Baseline Algorithm

The fluid flow animators are interested in is governed by the fa-
mous incompressible Navier-Stokes equations, a set of partial dif-
ferent equations that are supposed to hold throughout the fluid.
The Navier-Stokes equations for inviscid fluid are called the ”Eu-
ler equations”. Here are the incompressible Euler equations when
gravity is the only body force:

D~u

Dt
+

1

ρ
5 p = ~g (1)

5 · ~u = 0 (2)

Here ~u is fluid velocity, ρ is fluid density, p is pressure, ~g is the
gravitational acceleration, andD is the material derivative operator.

However, the equations are still hard to solve numerically, so the
algorithm to simulate fluid actually build upon the ”splitting” of the
imcompressible fluid equations:

Dq

Dt
= 0 (advection) (3)

∂~u

∂t
= ~g (body forces) (4)

∂~u

∂t
+

1

ρ
5 p = 0 s.t. 5 ·~u = 0 (incompressibility)

(5)

Here q in the advection equation represents the generic quantity that
will be advected. [Bridson 2015]

Therefore, in each step, the advancing algorithm of fluid simulation,
in Christopher Batty’s barebones 3D fluid simulator, becomes the
following four main stages:

1. Advect particles and velocity field

2. Apply force to change the fluid velocity

3. Pressure projection

4. Velocity extrapolation and constraint

Here the fourth step is needed to extrapolate velocity outside the
liquid a little bit for the advection of boundary particles. The ex-
trapolated velocity also needs to be constrained to ensure that the
boundary particles won’t be advected into the solid object. Here
each time step ∆t is divided into several substeps to ensure that par-
ticles only have at most dx, which is the size of a single grid cell,
displacement during advection in the current substep. The level set
method [Osher and Fedkiw 2006] is used to track the surface of liq-
uid and ensure boundary condition. For grid cells not only contains
liquid, a weight is computed for each dimension of the velocity in
each cell.

3.2 Reducing Numerical Dissipation in Advection

3.2.1 Numerical Dissipation Analysis

The semi-Lagrangian method, which is used by the baseline pro-
gram for advection, will generate numerical dissipation. It is be-
cause in the interpolation step of semi-Lagrangian advection, a
weighted average of the grid velocities from the previous time step
is taken, which means each advection step contains an averaging
operation. Averaging tends to smooth out or blur sharp features,
and this effect is called dissipation. Since this dissipation is re-
peatedly performed in every time step, the numerical dissipation,
or numerical viscosity, will be generated.

Here we illustrate it in a 1D case: the starting point of the trajectory
that ends on grid point i is in the interval [xi−1, xi]. Doing the
linear interpolation between vni−1 and vni at point xi −∆tu gives:

vn+1
i =

∆tu

∆x
vni−1 + (1− ∆tu

∆x
)vni (6)

We can rearrange this to get:

vn+1
i = vni −∆tu

vni − vni−1

∆x
(7)

which is in fact exactly the Eulerian scheme of forward Euler in
time and a one-sided finite difference in space. Expanding the
vni−1 to get its second order Taylor series and substituting it into
the above equation gives:

vn+1
i = vni −∆tu(

δv

δx
)ni + ∆tu∆x(

δ2v

δx2
)ni +O(∆x2) (8)

Up to second order truncation error, this is actually forward Euler
in time applied to the modified PDE:

δv

δt
+ u

δv

δx
= u∆x

δ2v

δx2
(9)

This is the advection equation plus an additional term pretty much
like describing the viscosity4 with coefficient u∆x. [Bridson 2015]

This numerical dissipation will disappear itself when ∆x→ 0 the-
oretically. But in practice, people in graphics can’t afford the com-
putational storage and time cost to reach a relatively plausible result
using this scheme. Therefore, previous researchers in graphics has
came up with several ideas to minimize the influence of numerical
viscosity. In this project, the fluid implicit particle method (FLIP)
is used, and it is in fact a variation of particle-in-cell method (PIC).

4In Navier-Stokes equation, the viscosity appears as the Laplacian of
velocity, which in 1D is just the second derivative.



These two methods will be discussed later in this chapter. Actu-
ally, even when we are trying to simulate viscous fluid, it is still
necessary and important to avoid numerical viscosity, because the
numerical viscosity is not stable and reasonable.

3.2.2 Alternative Advection Schemes

The particle-in-cell (PIC) approach replaces the velocity field ad-
vection step D~u/Dt = 0 with particle advection. In each time
step, when the velocity field is divergence free, we first advect the
particles to their new positions using the velocity field. This stage
is just the same as semi-lagrangian advection, where particles are
only used for liquid surface tracking. After moving the particles,
instead of advect the velocity field, PIC directly update the velocity
field with the particles’ velocities, which is reasonable because the
particles have already been advected. Then the new divergence free
velocity field will be generated by the pressure projection stage,
after which the particles’ velocities will be updated using the new
velocity field.

So the key components of PIC advection is the velocity transfer be-
tween grids (velocity field) and particles. They are basically two
interpolating operations. Due to these two interpolations, PIC ac-
tually produced more numerical dissipation than semi-lagrangian
advection (see Figure 2).

Based on PIC, FLIP just makes a small change that eliminates most
of the numerical dissipation. Instead of interpolating the grid ve-
locities back to the particles, FLIP interpolates the velocity changes
conducted by gravity and pressure projection and then add them to
the particles’ previous velocities.

The result of FLIP is compared to PIC and semi-lagrangian meth-
ods in Figure 2. It outperforms the other two both on the liquid sur-
face details and the several separate liquid drops it generates. But
FLIP also has some drawbacks. In this project, the simulation time
while using FLIP is much longer than PIC and semi-lagrangian be-
cause FLIP may require very tiny substep time interval to satisfy the
cfl condition, which means either the liquid or the solid could have
relatively large velocities during the simulation. Besides, since we
are advecting particles rather than velocity field both in FLIP and
PIC, the requirement of time integration scheme needs to be stricter.
So a more complicated third-order Runge-Kutta integrator is used
rather than its second-order version. This also increase the time cost
in each substep.

Another issue with FLIP is that it may develop noise. Since eight
particles are seeded in each grid cell, there are more degrees of free-
dom in the particles than in the grid: velocity fluctuations on the
particles may, on some time steps, average down to zero and vanish
from the grid, and on other time steps show up as unexpected per-
turbations. [Bridson 2015] However, the basic PIC method doesn’t
have this problem because the particle velocities are simply inter-
polated from the grid there. Therefore, in practice, people usually
blend in a small amount of the PIC update with the FLIP update to
decrease the noise.

4 Solid-Fluid Coupling

4.1 Coupling with Uniformly Circular Moved Solid

If the forces from rigid body to fluid are the only considered forces
in the solid-fluid interaction, the coupling can be easily imple-
mented starting from the baseline liquid simulator by making the
boundary condition dynamic with nonzero velocity. In this case,
the forces from fluid to solid will not be considered, which means

the motion of the rigid body is predefined and undisturbed in each
frame. We call this one-way coupling simulation.

So first the rigid sphere as the solid will be set to conduct a uniform
circular motion at the bottom of the cylindrical container. Here
comes the tricky part, which has led to many times spent on de-
bugging. The rigid sphere can’t be set to attach the bottom of the
container even if that is actually the case in the simulation. Because
it would destroy the integrity of the signed distance field when the
rigid body and the boundary have different velocity, thus failing the
PCG solver [Bridson 2015] for the linear system in the pressure
projection stage. A possible way used by the author is to set the
rigid sphere dx away upon the bottom. In fact, under any circum-
stances, the rigid sphere could not be just attach the container. The
dx away is just interpreted as ”attaching” during the simulation.

There are three updates considering ~usolid needed to simulate the
one-way solid-fluid coupling:

Merge Level Set At the beginning of each substep, the rigid
sphere is first advected. The resulting position is used to calcu-
late the rigid sphere’s level set, which is then merged together with
the static container level set to form the total level set for boundary
test. The merge criteria is as follows:

Φi,j,ktotal = min{Φi,j,kobject,Φ
i,j,k
container} (10)

Add ~usolid Term to the Linear System At solid boundaries,
subtracting the pressure gradient to update fluid velocity in the
pressure projection process should enforce the boundary condition
~un+1 · n̂ = ~usolid · n̂. By substituting in the pressure update this
turns into a simple linear equation to solve for the pressure inside
the solids. For example, in 2D, supposing cell (i, j) was fluid and
grid cell (i+ 1, j) was solid, ui+1/2,j would be updated with:

un+1
i+1/2,j = ui+1/2,j −∆t

1

ρ

pi+1,j − pi,j
∆x

(11)

and here un+1
i+1/2,j actually is usolid. Rearranging the update equa-

tion gives:

pi+1,j = pi,j +
ρ∆x

∆t
(ui+1/2,j − usolid) (12)

So for the linear system, if near fluid grid cell (i, j) only cell (i +
1, j) was solid and others are all fluids, then the ith equation would
be:

∆t

ρ
(
3pi,j − pi−1,j − pi,j−1 − pi,j+1

∆x2
)

=− (
usolid − ui−1/2,j

∆x
+
vi,j+1/2 − vi,j−1/2

∆x
)

(13)

Considering grid cells that could contain both fluids and solid, a
weight is calculated for each dimension of the fluid velocity in each
cell using Φtotal. But only rigid sphere has a nonzero velocity,
the container is still static. Therefore, another weight quantifying
the fraction of the rigid sphere at each grid cell is computed using
Φobject as the parameter of ~usolid in the equation.

Constrain Extrapolated Velocity with ~usolid Instead of always
canceling the surface normal projection component out of the ex-
trapolated velocity, we replace that component with ~usolid when
the adjacent solid cell contains rigid sphere.

After the above three revision, the one-way coupling simulator is
completed with a uniformly circular moved rigid sphere.



Figure 2: Pure water simulation results (78th frame) from PIC (left), Semi-Lagrangian (left) and FLIP (right). From the smoothness of the
liquid surface, we can tell that PIC produces the most numerical dissipation result, while FLIP produces the least. We can also see that PIC
and FLIP conserves the water volume better than semi-Lagrangian.

Figure 3: Simulation result from the one-way coupling simulator
(left: semi-Lagrangian, right: FLIP, both are 107th frame). The
fluid is interacting with a uniformly circular moved rigid sphere.

4.2 Coupling with Free Solid

4.2.1 Calculating Fluid Force by Integration

The motion of free solids here is determined by its initial state and
interaction between container, the gravitational force, and the forces
from fluid. By saying this, the solution has already been limited to
weak coupling framework. With strong coupling method such as
the one from [Bridson 2015], the solid’s motion is simulated by
directly solving its velocity from the linear system, which means
the solid’s motion has already been described in the equations. This
is will be discussed in the next section, while here, we calculate the
forces from fluid to the solid by integrating the gradient vector of
the pressure [Foster and Metaxas 1996] on those fluid cells that
attaches to the surface of the rigid sphere.

The interaction between the rigid sphere and the container’s bound-
ary is simulated by testing the relative position of them. Here what
is only ensured is that when the sphere is at the bottom of the con-
tainer with a negative vertical velocity, there will be no vertical
forces. The collision between the sphere and the container is simu-
lated in the velocity constraint part just like how it is conducted with
fluid, which will be discussed later. We didn’t bother to simulate it
using the interacted forces so that we are free from considering mo-
mentum and kinetic energy. Then the acceleration of the sphere is
derived by dividing the net force by a preset mass value. Different

mass will result in different animation.

Given the acceleration, the solid object is advanced using the uni-
formly accelerated motion within the substep. Whenever the rigid
sphere hit the container boundary, it will be bounced back by chang-
ing both the position and velocity. Note that the conditional test for
collision detection also takes dx as zero to avoid solver failure due
to ruined Φtotal. The energy loss is also simulated that after colli-
sion, the velocity will be attenuated on the surface normal direction
according to a preset fraction. Some of the simulation results are as
follows:

Figure 4: Simulation results from the two-way weak coupling sim-
ulator (left: semi-Lagrangian, right: FLIP, both are 77th frame).

4.2.2 The Accurate Variational Framework

The pressure projection stage in the baseline algorithm is actually a
minimization problem, which finds the closest divergence-free ve-
locity field for the input velocity that has been advected. So the key
idea of [Batty et al. 2007] is that the distance metric in the space of
fluid velocity fields is kinetic energy, and minimizing kinetic energy
with respect to pressure solves just the same problem.

KEn+1 =

∫∫∫
1

2
ρ||un+1||2 (14)

The equation above describe the kinetic energy of the fluid in n +
1 time step, substituting un+1 with the velocity update equation
un+1 = û− ∆t

ρ
5 p, we can formulate this minimization problem



as:

argmin
p

∫∫∫
fluid

1

2
ρ||û− ∆t

ρ
5 p||2 (15)

About the discretization for partial fluid cells, the fraction of fluid
in those cells are considered in their kinetic energy term, which will
automatically enforce boundary conditions:

KEi+1/2 =
1

2
ρ(voli+1/2)(ui+1/2)2 (16)

For one-way coupling, the solid is doing a predefined motion and
is not influenced by the fluid. Only the fluid is influenced by the
solid’s motion in this case. Conceptually, this means object mass is
near infinity, and we just drop the kinetic energy term of the solid
from the system, which is exactly what we did in our first-stage
one-way coupling simulation.

To extend this in order to support two-way solid-fluid coupling,
which means the solid boundary are dynamic and the solid will
be influenced by the fluid motion, we just add the object’s kinetic
energy term to the system and then minimize it:

KE =

∫∫∫
fluid

1

2
ρ||u||2 +

1

2
V∗MsolidV (17)

The additional solid kinetic energy term in the system above is cal-
culated directly using the pressure:

Force = −
∫∫
solid

pn̂ (18)

Torque = −
∫∫
solid

(x−XCM )× pn̂ (19)

5 Conclusion

Based on Christopher Batty’s barebones 3D fluid simulator that
simulates inviscid free surface liquid with a spherical container, a
basic two-way rigid-fluid coupling simulator has been implemented
with weak coupling scheme. Combined with a ~usolid constraining
approach based on classical physics, a direct method to calculate the
rigid body’s net force using pressure gradient has made free solid
motion possible. There are very little numerical dissipation in the
simulated fluid due to the use of FLIP advection method. By apply-
ing Intel’s TBB to the highly SIMD tasks, the time efficiency of the
simulator has also been increased as about three times compared to
the original one.

6 Future Works

The project could be improved to include consideration of torque
and object rotation, which will produce more faithful solid and fluid
motion. It is also promising to support arbitrary mesh input speci-
fied by the user as the solid.

Acknowledgment

Thanks Batty for publicly sharing his code on Github for us new
people who want to try fluid simulation to learn and work on. This
project also gets a lot of help from Bridson’s book ”Fluid Simula-
tion for Computer Graphics”. Most importantly, thanks Dinesh and
Xinxin for supports and guidance.

References

BATTY, C., BERTAILS, F., AND BRIDSON, R. 2007. A fast vari-
ational framework for accurate solid-fluid coupling. In ACM
Transactions on Graphics (TOG), vol. 26, ACM, 100.

BENRA, F.-K., DOHMEN, H. J., PEI, J., SCHUSTER, S., AND
WAN, B. 2011. A comparison of one-way and two-way cou-
pling methods for numerical analysis of fluid-structure interac-
tions. Journal of Applied Mathematics 2011.

BRIDSON, R. 2015. Fluid simulation for computer graphics. CRC
Press.

CARLSON, M., MUCHA, P. J., AND TURK, G. 2004. Rigid fluid:
animating the interplay between rigid bodies and fluid. ACM
Transactions on Graphics (TOG) 23, 3, 377–384.

FOSTER, N., AND FEDKIW, R. 2001. Practical animation of liq-
uids. In Proceedings of the 28th annual conference on Computer
graphics and interactive techniques, ACM, 23–30.

FOSTER, N., AND METAXAS, D. 1996. Realistic animation of
liquids. Graphical models and image processing 58, 5, 471–483.

OSHER, S., AND FEDKIW, R. 2006. Level set methods and dy-
namic implicit surfaces, vol. 153. Springer Science & Business
Media.

STAM, J. 1999. Stable fluids. In Proceedings of the 26th annual
conference on Computer graphics and interactive techniques,
ACM Press/Addison-Wesley Publishing Co., 121–128.

TAKAHASHI, T., UEKI, H., KUNIMATSU, A., AND FUJII, H.
2002. The simulation of fluid-rigid body interaction. In ACM
SIGGRAPH 2002 conference abstracts and applications, ACM,
266–266.

ZHU, Y., AND BRIDSON, R. 2005. Animating sand as a fluid. In
ACM Transactions on Graphics (TOG), vol. 24, ACM, 965–972.


