A Quasi_Linear’ Viscoelastic, halluca) [1]. The cross-sectional anatomy of all areas is similar,

as each has skin and a layer of adipose tissue retained by elastic

Structural Model of the Plantar Soft septa. The areas other than the subcalcaneal area may also have

i i _ i+ tendons and tendon insertiof].
TISSUG_ With Freql_Jency Sensitive The previously reported mechanical testing of the plantar soft
Dam pIing PI‘OpeI‘tleS tissue has concentrated on the subcalcaneal region, with either in

vivo instrumented impact tesf8-5| or in vitro material testing
machine experimen{$]. The in vitro tests resulted in less percent
William R. Ledoux* energy absorptiof29% to 32% versus 73% to 89%ess defor-
e-mail: wrledoux@u.washington.edu mation (2.1 to 4.7 mm versus 8.5 to 11.3 mrand increased

Ph.D., Department of Veterans Affairs, RR&D Center of Sﬁiﬁr_‘es_s (L1& 1§ N/m verlsus 1](.& lOsdto 167_?< Ollo‘3 N/m) than |
: . . the in vivo tests. Aerts et al. performed modified testing protocols
Excellence for Limb Loss Prevention and Prosthetic to ensure similar experimental conditions for the instrumented im-

Engineering, VA Puget Sound Health Care System, Seat{gc tests and materials testing experiments. They measured simi-

WA, 98108, and, Department of Mechanical lar values of stiffness+9.0x 10° N/m), displacement~5 mm),
Engineering and Department of Orthopaedics and Sportsnd energy los§46.5%—65.5%for both tests, suggesting that the
Medicine, University of Washington, Seattle, WA, presence of the entire lower leg affects the in vivo resfiffs
98195 However, four of the five feet tested were older than 50 years of

age with peripheral vascular disea$®/D) and the experiments
were all done at room temperature, factors which could potentially

David F. Meaney . . _ - affect the soft-tissue propertids,8—19. Recently, a study by
Ph.D., Department of Bioengineering, University of Miller-Young et al. has examined the material properties of the
Pennsylvania, Philadelphia, PA 19104 subcalcaneal tissue; however, the investigators used older speci-

mens, tested at room temperature, and made no mention of the
Howard J. Hillstrom vascular state of the tiss_tﬁﬂzs]. _
. . . The primary goal of this research was to quantify the structural
Ph.D., Gait Study Center, Temple University School of - ,oerties of the plantar soft tissue at seven regions of interest. We
Medicine, Philadelphia, PA 19107 extended previous studies by investigating specific subregions of
the plantar soft tissue that experience mechanical loading during
Little is known about the structural properties of plantar softgait. In order to simulate in vivo conditions with young, healthy
tissue areas other than the heel; nor is it known whether tt&pecimens, we excluded older or diabetic subjects and controlled
structural properties vary depending on location. Furthermorehe temperature of the specimens during testing. To more accu-
although the quasi-linear viscoelastic (QLV) theory has been usgztely model the measured structural properties, we employed a
to model many soft-tissue types, it has not been employed to mdeplified form of the quasi-linear viscoelastiQLV) theory to
the plantar soft tissue. The structural properties of the plantar sofccount for frequency-sensitive damping properties.
tissue were quantified via stress relaxation experiments at seven
regions (subcalcaneal, five submetatarsal, and subhallucg))ethods
across eight cadaveric feet. The cadaveric feet were 8624 . .
(meantS%.) years of age, all free from vascular diseases anﬂ_lE'ght fresh frozen(less than 24 h postmortgncadaveric feet
orthopedics disorders. All tests were performed at a constant € aree _male an_d_ five femalavere radlogr_aphed for gross ortho-
vironmental temperature of 35°C. Stress relaxation experimerﬁsd'C irregularities. The feet were relatively young—3619.4
were performed; different loads were employed for different are §ars(meantS.D.), range 18 to 58 years, and free of PVD. The
based on normative gait data. A modification of the relaxatio et came from specimens with a body weigBw) of 757297

i : meantS.D). Each foot was mounted plantar side superiorly in
spectrum employed within the QLV theory allowed for the inclu- ( ) ) )
sion of frequency-sensitive relaxation properties in addition tBollymeIthy(Ijmstrtllacryla;[ﬁPII\(/IMA) |fn an allxjm}n#]m box. The ini-
nonlinear elastic behavior. The tissue demonstrated frequencl? “lnto"é‘ E :ssn_Je Ic llwlessto”r_ eac hO e stiven areasfyvas
dependent damping properties that made the QLV theory ill suit g'culated by piacing small metallic washers on ne areas ot in-
to model the relaxation. There was a significant difference bLEreSt: inserting needies of known lengths through the washers

tween the elastic structural properties (A) of the subcalcaneé”.“.iI the_y reached bone_, and then x_raying the specimens. The
tissue and all other areagp =0.004), and a trend(p =0.067) for Initial thickness was defined as the distance between the washer

the fifth submetatarsal to have less viscous damping than the an_(la_lhthe tip of the needle. h féstbcal i bmetat |
subhallucal, or first, second, or third submetatarsal areas. Thus e seven areas on each festibcalcaneal, five submetatarsal,

the data demonstrate that the structural properties of the foot cﬁg‘:d subhallucaiwere tested with an IRB-approved protocol on an

: : ; ; tron series 1331 materials testing machihrestron Corpora-
vary across regions, but careful consideration must be given to thie" . .
applied loads and the manner in which the loads were applie on; Canton, MA with a 1780 N load cel(£0.2 N) (Fig. 1. The

[DOI: 10.1115/1.1824133 !riitial, unloaded thicl_<ness of the tissue was _register_ed to the load-
ing frame by lowering the crosshead until the circular cross-

Keywords: Foot, Biomechanics, Heel, Metatarsals section punch just touched the tiss(@s determined via visual
inspection. The diameters of the punché®.54 cm for the sub-

Introduction hallucal and first metatarsal areas, 1.27 cm for the lesser submeta-

During the stance phase of walking, load is transmitted fro%ﬁlrsal areas, and 4.06 cm for the subcalcaneal regiere based

. . n osseous geometrf2,14]. The specimens were heated to
the lower extremity to the ground through the plantar soft tissu o : o
There are seven primary regions through which force is typical fightly less than core body temperatu@>°C instead of 37°C

; . 4 ince extremities are usually coolersing a closed-loop tempera-
;perigfg;sg?rg:;ydgﬁ;ﬁzl:;;é;ﬁ%“tf emﬁ}dbf:éci?iﬁltﬂ%z\ﬁ ture control system with a thermocouple placed between the foot
9 and the PMMA. The foot, aluminum box, and punch were sur-

e g hould be add g rounded with foam insulation and the skin temperature of the foot
0 whom correspondence shou € aaaressed. B H
Contributed by the Bioengineering Division for publication in ti@&NAL OF was monitored independently.

BIOMECHANICAL ENGINEERING. Manuscript received by the Bioengineering Divi- T_he physiologic target loading Ieve_ls SimUIating gait_ for each
sion March 7, 2003; revision received July 2, 2004. Associate Editor: Philip V. Baylyegion were calculated from the specimen Buttained with the
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load cell

punch

aluminum box

foot — filled with PMMA

x-y table

7

actuator

displacement (mm)

T T 1
35 195 375

time (seconds)

o
o

Fig. 1 A schematic of the testing apparatus and the mechani-

cal input data input. In the schematic, the foot is viewed poste-
riorly. Note that the dorsal surface of the foot is placed into the
PMMA. The graph is the input displacement for the experiment,
including the haversines of increasing amplitude (0to 5s), the
preconditioning (5 to 35 s), the delay period (35 to 195 s), and
the ramp and hold (195 s to 375 s). Note that the x axis was not
drawn proportionally.

donor information and the peak force in BW during stance phas
for each regior{Table 1) [15]. Successive 1-Hz displacement con-
trol haversines of increasing amplitude were applied to each

placement was reported as strain. Force and strain have been used
together previously21].

The normalized compressid(t), substituted for the strain in
Eq. (1), is defined as the displacemg from the point where
the compressive force began to monotonically increase during the
stress relaxation test

c=4lb (2)

where the thicknesg) is the tissue thickness at the point when

the force began to monotonically increase. This accounted for any

slackness in the system without artificially inflating the strain.
The following elastic function is employdd 7]:

F®(c)=A(eB°-1) ®3)

whereA andB are the elastic constants,is the force, and is the
normalized compression. The form of the reduced relaxation re-
sponse is as followgl6]:

1+ FS(T)e—"TdT
0
G(= 4)

1+ ij(T)dT
0

whereS( 1) represented the relaxation spectrum. latridis et al. de-
eloped a frequency-sensitive relaxation spectf@yi, which is
efined as

) . : ; ) . C, Cp
specimen until the desired physiologic target load was achieved. -+ for m<7<rm,
This target displacement was then used for all subsequent tests. S(r=y 7 7 (5)
The tissue was preconditioned with 1-Hz haversines to the tar- 0 for r<r,, 7>,

get displacement for 30 s. Before the next test, the machine had to

be manually reconfigured for a stress relaxation protocol. To efyherec; is the amplitude of the viscous effects, is the linear
sure proper and consistent reconfiguration for all experimentsingrease in viscous effects with frequency, whileand , repre-
time delay of 3 min was implemented after the preconditioningent the time values corresponding to the frequency limits of the
phase and before the relaxation test. A ramp and hold displa¢elaxation spectrum.

ment function was then applied with a ramp time of approxi- The normalized compression was described as a function of
mately 0.3 s and a relaxation period of 17fesough time for the time for substitution into Eq¢2) and(3). Since the ramp was not
specimens to reach steady sjafig. 1). Data were sampled at ideal, two linear fits were employed, where the slégteain ratg

100 Hz during the displacement pulses and preconditioning, aw@scs for O<t<ts andc, for t;<t<t,, with to being the ramp

at 250 Hz for the ramp and hold.

time. The full form of the QLV theory employed in this study was

The quasi-linear viscoelastiQLV) theory has been employedobtained by substituting Eqé3), (4), and(5) into Eq. (1) (see the
to model the behavior of various biological tissyjé¢6—21. The Appendix.

theory, which assumes that the spatial characterigties, the

elastic response;(®(&)] and the temporal characteristifse.,

The analytical representation &f(t) at t>t, [Eq. (A7)] was
normalized byF(ty) and used to fit the relaxation data. The value

the reduced relaxation respongg(t)] are independent, is de- for 7> was assumed to be the last point in time of the experimental

scribed with the following equation:

t (e) ! ’
F(t)zfcs(t—r')&F Lt e) 0

0 de ar'

whereF is the force ance is the strain. Note that the model is
structural; therefore, we are reporting force. However, since
were able to determine the initial soft-tissue thickness, the d'%-

Table 1 The target force in body weight (BW) [15] and New-
tons (N), based on the average BW (757 N) of the cadaveric
specimens in the this study

Region Target forcéBW) Target force(N)
Subcalcaneal 0.944 714.1
First submetatarsal 0.185 140.0
Second submetatarsal 0.131 99.1
Third submetatarsal 0.097 73.4
Fourth submetatarsal 0.067 50.7
Fifth submetatarsal 0.040 30.3
Subhallucal 0.218 164.9

832 / Vol. 126, DECEMBER 2004

we

data. The nonlinear elasticity const&B}) and relaxation spectrum
parametersd; , ¢, andr;) were obtained by curve fitting the data

at t>t, normalized to the peak force with a Levenberg—
Marquardt nonlinear least-squares algorittigor Pro, WaveMet-
rics, Inc.; Lake Oswego, ORThe elastic constan(A) was ob-
tained, in newtongN) and body weigh{BW), by substituting the
solved coefficients into the equation fé(t) [Eq. (A7)] and curve
fitting the unnormalized data.

For qualitative comparison, the relaxation data from each area
ere averaged together. For quantitative analysis, gatitidual

trial was curve fit using the modified QLV theory. An analysis of
variance(ANOVA ) was performed to determine if there were sig-
nificant differencesa=0.05 between coefficients from different
locations of the plantar soft tissue; Fisher’s protected least signifi-
cant difference was used for posthoc analysis. Representative
curves for each region were generated from the average coeffi-
cients of each location.

Results

Due to either mechanical problem@ncorrect ramp rate
[n=1], over ranged displacemepth= 3], incorrect initial posi-
tion of crossheadn=2], early termination of data acquisition
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Table 2 The structural testing conditions, including the number of specimens, the soft-tissue thickness, the average peak strain
and the two strain rates (¢, and ¢,), the ramp times for the bilinear strain curve (ts and t,), the average peak force, and percent
difference from the target force

Number Avg. thick. Avg. peak ) ) Avg. peak Difference
of (£S.D) strain(+*S.D) Avg.cs Avg.c, Avg.tg; Avg.t, force(=S.D) from target
Region specimens (mm) (mm/mm) (1/9 (1/9 (s) (s (N) (%)

Subcalcaneal 6 17.18.63  0.43%0.073 2.015 0.354 0.203 0.344 644.884.3 9.74
First submetatarsal 7 10.68.47 0.516-0.108 2.731 0.522 0.165 0.288 136.28.9 2.65
Second submetatarsal 7 16:56.76 0.4970.108 2.732 0.475 0.163 0.286 83.93.4 15.31
Third submetatarsal 6 15.82.14 0.48%0.111 2.920 0.561 0.144 0.260 64.29.1 12.78
Fourth submetatarsal 6 1583.49  0.5010.152 2.696 0.532 0.162 0.288 53+73.5 —2.06
Fifth submetatarsal 4 12.841.06  0.526-:0.113 2.802 0.588 0.165 0.296 31+.30.1 —3.46
Subhallucal 8 8.661.70 0.42%0.184 2.469 0.535 0.157 0.264 16461.8 0.26

[n=1], or poor signal to noise ratim=1]) or thermal problems determined via visual inspection. However, we could not use a
(specimen not heatdeh= 1] or temperature drift due to improper threshold force to set the initial position because the initial thick-
insulation[n=41), data from 13 of the plantar soft tissue regionsiess was determined via x rays, needles, and washers in a manner
were discarded. The data from the remaining trials are summsch that no force except the weight of the washer was applied to
rized in Table 2. The thickness and peak strain correspond tie foot. The requirement that the nonlinear elastic coefficients be
physiological valueqd22,23 and the peak force generated wasgletermined by the relaxation data was an additional limiting fac-
within 15% of the target force for all seven areas. tor. Another possible concern was that the controller of the mate-
The characteristic nonlinear relaxation semi-log ficg., the rials testing machine precluded testing the tissue immediately af-
slope is not uniform, but rather the data exhibit frequencyer the preconditioning; thus, we implemesita 3 minhold that
sensitive damping, meaning that the short-term, or highmayoidably allowed for partial recovery of the tissue. However,
frequency, relaxation is faster than the long-term, or lowne same delay was used for every test; thus, the results are com-
frequency, relaxationwas seen for the average data from a5 apie. A further limitation is that the time of the ramp phats} (

sevEn reglionelsFigf.l 2. diff for th ffici b of the relaxation protocol was longer than the initial boundary of
The only significant differences for the QLV coefficients begq rg|axation spectrums(). As a result, it is most likely that

thiglgegsl V\éasofoi)thﬁ ?laSte'C tfqor:fgrt-trﬁble 3é W'}fg tgc?th ome relaxation had occurred before the ramp reached maximum
?rjmormalri]z:dra%:dnB\(/e\} %oerlrrr?algzeg curv% 32(?[)06:15 arzd ormation. A survey of past research with the QLV demon-
PR P strated that a majority of users have ramp times longer than the

<0.0001, respectively There was borderline significant differ- . ; ; .
ence forc, (p=0.067), with the fifth submetatarsal trending tof'rSt boundary of the relaxation specimEt8,19,24,2§ only one

have lower values than the subhallucal as well as the first, secoﬂﬁcoupted f%r tth‘? rili);]a.t'd?s]' Oth?rr] reseta;]rchers reptortsd short .
and third submetatarsal areas. No other significant differend&&NP times but, in both instances, the authors were testing speci-

were found with the number of specimens available in our samplB€NS With very small applied loads, allowing for the rapid move-

For both the normalized and unnormalized data, the repres&ent of their materials testing machirl@9,2§. Larger forces, as

tative curves generated from the average coefficients of each fo-this study, typically resulted in larger ramp times. Finally, by
cation were for the most part within 1 standard deviation of thg€tting the final boundary of the relaxation spectrur) €qual to
average relaxation curv€igs. 2 and 3 The unnormalized curves thg te;t duration, we assumed Fhat thg tissue had fully relaxed by
were in general more variable than the normalized curves. this time. If the tissue were still relaxing, then we would have

underestimated, .
Discussion The classic form of the QLV theory did not completely model
. . the plantar soft tissue because of the assumption of frequency
Stress relaxation experiments were conducted on seven regipiS sitivity required with Fung’s theorf6]. latridis et al.’s
of eight cadaveric specimens; potential confounding factors, s dification of the QLV theory allowed for frequency-sensitive

as temperature, age, or presence of peripheral vascular dise . : P -
were controlled. A modified form of the QLV that includedsgﬁa\”or to be accounted for in the constitutive md@él. latri

f " h Tcrimis et al.’s modifications, however, incorporated a linear elastic
requency-sensitive damping was developed and employed. response while the plantar soft tissue was nonlinear. In the current
QLV model, as developed by Furig6], assumes that the ampli- T( a further modiaication was performed b incor. orating both
tude of the viscous effects are constant over a range of frequen Ex P Y P g

[20], which results in uniform slope when the relaxation data a e nonlinear .elastic fgnctio[rl?] an.d the frequgncy-sensitive re-
graphed on a semi-log plot. Our relaxation data, however, dem _ce_d_ relaxatlo_n fl.mc“O[QQ]’ res_ultlng in a nonlinear, frequency-
strated that the amplitude of the viscous effects varied with fr8€NSitive constitutive relationship. _
quency[20]. This resulted in a stress relaxation curve with a slope Diréct comparison to other papers that have studied the me-
that varied with frequency. Thus, the form of the QLV that Funghanlca_l properties of th_e plantar soft tissue is dlffl_cult since most
described did not adequately model our data and we had to & the literature deals with fprce versus deformation c[3ta6]..
velop a modified form of the QLV based on latridis et al.’s workIhe results from these studies, such as energy loss and stiffness,
The limitations of this study included the use of fresh frozeAr® not comparable to our work. Other groups have used ultra-
cadaveric tissue rather than live specimens. However, Bennett &@¢ind probes to develop elastic models of the soft tif8dg28g,
Ker have demonstrated that heel pads tested immediately aféit the models are very different from our work. The only paper
amputation yielded results that were “indistinguishable” fronthat we are aware of that presents relaxation data for the plantar
data obtained from heel pads that were frozen, thawed, and testeff tissue is the work of Miller-Youngl3]. However, theirs was
[6]. It should also be noted that, like most previously publishe@material study, while ours wastructuralin nature.
mechanical tests on the plantar soft tissue, except for notablyThese data show that the structural properties of the plantar soft
Miller-Young et al.[13], the tests performed here were structurdissue can vary across the foot surface and that a modified form of
in nature. Thus, the results are only representative of these piéde QLV theory was able to model the tissue response. A next step
ticular feet in the testing apparatus we employed. Another limités to determine if these differences are material or structural in
tion was that position of the initial position of the punch wasature. Further, we will incorporate these distinct structural prop-

Journal of Biomechanical Engineering DECEMBER 2004, Vol. 126 / 833

Downloaded From: https://biomechanical.asmedigitalcollection.asme.org on 11/21/2018 Terms of Use: http://www.asme.org/about-asme/terms-of-use



1.0 1.0 —
== average subcalcaneal data s @verage 1st submetatarsal data
0.8 - average plus SD 0.8 < - average plus SD
P & -- average minus SD — - average minus SD
Z — average coefficients Z — average coefficients
2 06 2 06—
3 ®
S 04 o 044
& - 5
0.2 : L 0o
0.0
IIIIIII T T IIIIIII T T ||||l|| 0.0— llllll T T ||||||| T T lllllll
46 2 46 2 46 468 2 468 468
1 10 100 1 10 100
Time (s) Time (s)
1.0 1.0
= gverage 2nd submetatarsal data s ave::g: glrgssubmelatarsal data
e AV
— 084 N :32::33 ﬂ:lnsuggD — 0.8 -~ average minus SD
Z — average coefficients Z — average coefficients
2 06 Z 06
@
8 o4 8 04
? &
% o2 0.2
00 Tlllllll é T zléléll é T ‘;Iéléll 00 T Aléllll T T zléllll T T zléllll
10 100 1 10 100
Time (s) Time (s)
1.0 y 1.0
= average 4th submetatarsal data ==es @verage 5th submetatarsal data
0.8 N - average plus SD 0.8 average plus SD
— % 3 — average minus SD — " —— average minus SD
< — average coefficients g — average coefficients
2 06 Z 06
(4] (0]
S 04 S 04
? e
% o2 02
o.o 0'0 T T TTTIT
TTTTT] T T Ty T Ty T T T Ty T T
4 68 4 68 2 4 68 4 68 4 68 4 68
1 10 100 1 10 100
Time (s) Time (s)
1 O e gVErage siljbhgllljl.lcal data
< average plus
’2 O 8 — average Fninus SD
i — average coefficients
Z 0.6
=
8 04
<}
w 0.2 T
0.0 T T T T T SRR
4 6 2 46 2 46
1 10 100
Time (s)

Fig. 2 The average stress relaxation (normalized force vs time ) data (*1 S.D.) and the fit gener-
ated from the average QLV coefficients for the subcalcaneal, five submetarsal, and subhallucal
areas

erties in a model of the foot during gait to determine how these E;(z) = exponential integral
spatial properties influence distribution of forces across the foot F(t) = force

surface. F®)(g) = elastic response of the QLV theory
G(t) = reduced relaxation response of the QLV theory
Acknowledgments R, = substitution term, where=1 to 5

= substitution term, where=1 to 10
= relaxation spectrum

This research was partially supported by the Ashton Fellowship S(TS)
t = time
t
t

from the University of Pennsylvania, and by an internal grant

from the Temple University School of Podiatric Medicine. — substitution time term

= substitution time term

Nomenclature T; = substitution term, where=1 to 12

A = elastic constant ts = time point where slope of normalized compression
B = elastic constant changes
b = tissue thickness to = time point where maximum normalized compres-
¢ = normalized compression sion is reached
¢, = slope of normalized compression fo@=<t, 6 = displacement
¢, = slope of normalized compression fat<t, e = strain
¢, = amplitude of the viscous effects gs = strain rate for Bst<t,
¢, = linear increase in viscous effects with frequency g, = strain rate fortg<t<t,
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Table 3 The QLV parameters (mean=S.D.) for each region

Region A (N) A (BW) B (mm/mm) cq (s) c, () 71 (S)
Subcalcaneal 48512520.5 0.607%0.409 2.370.976  0.3140.067 0.1650.121 0.08%-0.044
First submetatarsal 66:51.3 0.1030.030 2.05-0.404  0.4380.130 0.70%0.476 0.1440.040
Second submetatarsal 6937.7 0.084:0.042 1.87-0.477 0.4340.193 0.586:0.460 0.127-0.036
Third submetatarsal 521056 0.064-0.021 1.96:0.558  0.44@:0.261 0.57%0.497 0.1220.051
Fourth submetatarsal 42t48.7 0.055-0.032 1.780.516 0.252-0.129 0.5320.346 0.126:0.020
Fifth submetatarsal 361331.8 0.036:0.022 1.52-0.605 0.188&0.113 0.2790.136 0.1130.031
Subhallucal 118.646.6 0.1630.053 2.44-0.846 0.4080.118 0.4820.288 0.114-0.049
p-value 0.004 <0.0001 0.2 0.067 0.2 0.4
Posthocs Subcateall Subcalc-all Fifth submet<
first, second, and
third submets,
and subhall
7 = time AB
7 = time Si= (A53)
— H—. H T2 1 1
7, = lower frequency limit of the relaxation spectrum 1+ciIn—+cy| —— —)
7o, = upper frequency limit of the relaxation spectrum T1 1 T2
eBests— 1 4 @Beol — @Beols Ash
Appendix SAV)= B (ASD)
The elastic and reduced relaxation functions suggested by Fung T T t t
[Egs.(3) and(4)] and the relaxation spectrum offered by latridis Sg(t)zeBést{El(—> 751(_) + El(_) 751(_)
et al.[Eqg. (5)] were substituted into the general form of the QLV T2 71 T T2
[Eqg. (1)] and integrated[Note that the general expression for (ASc)
strain(e) was used, rather than normalized compres§iph This - . i .
resulted in the following expression for the first part of the ramp 5, (t)=eBsl| E, ta+ Bssn)) -E, t(1+Besro)
(0=t=<ty): T1 T2
(A5d)
_ &1 Biyt Bét : t(1+Bégr t(1+Beer
F (1) =Ryl Ra(t) + 57~ [R(1) + €2 4(Ry(1)}]+ c0™ [ R(1)] S P o 2’)_51 ( 2 1))
(A1) (ASe)
ABsg . 1+Bé,T, HW1+Beym)
R,= A23, =eBeot 22|+ 2
1 72 1 1 (A2a) Se(t)=eBeo!| In T+Bo.rs E, -
1+ciin—+cy| — — _ )
n T2 t(1+Beomy)
a: —-Ey|— (AS5f)
e et _ T1
Ry(t)= - A2b _ —
2= 5o (A20) Nk t
Sy(t)=e>'s Eq| —| —Eq| — (A59)
t t 71 72
Ra(t):El(_ _El(_) (AZc) ETi ; T ;
T T t(1+BE 7'2) t(1+BE Tl)
' ? Ss(t)=| Bl ———— | ~Ea| ——— (ASh)
RA(D)=I 1+ Bésrz) t(14+ Begry) e t(1+Begry) ) ]
=In| ———— P iy - = -7
A1) 1+ Boor, 1 - 1 = Sy(t)=|E t(1+ Besrl)) e (t(1+ BSSTZ)) (AS)
(A2d) ! ™ ! T2
mty o 72 Bery) t(1+Begry) Slo(t):-l (72(1+B'8071)) t(1+ Béorlz))
5(t)=In 71(1+ Boory) 1 P T1(1+Bg,y7y) ! T
t(1+Bé,ry) t_(l+BéoTz)) .
_E | TSt —E) —— A5
1 = (A2e) 1 . (A5j)
. ) - where
whereE; is defined as exponential integré29| .
© gt t=t—tg (A6)
E.(2)= JZ Tdt (A3) Similarly, the expression for the hold>*t,) was as follows:

The equation for the second portion of the ramp{t<t,) was

F(1)=S,| S;(t) + %[Ss(t) +84(1) + S5(t) + Se(1) + S(1) ]

+ €8P Sy(t) + So(t) ]+ C,e5%0 [ S (1) ] (A4)
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F<t>=T1(T2<t>+ B [Ta(OF T+ Ts(t) + To(t) + To(1)
+Tg(1) ]+ Co €35 To(t) + Tyol(1)]
+Cp80€B0 Ty(1) + Tyo1)] (A7)
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