Minimizing Delay in Loss-Tolerant MAC Layer Multicast

Prasanna Chaporkar and Saswati Sarkar

Fig. 1. An example to demonstrate the advantages and the challenges associated with wireless multicast. Here, S_1, S_2 and S_3 are senders and R_1, . . . , R_6 are receivers. Dashed circles indicate the communication ranges of senders.

Abstract— The goal of this paper is to minimize delay in real-time MAC layer multicast by exploiting the broadcast nature of wireless medium and limited loss tolerance of the applications. Multiple transmissions of a packet at the MAC layer significantly reduces the delay than that when only one transmission is allowed. But each additional transmission consumes additional power and increases network load. Therefore, the goal is to design a policy that judiciously uses the limited transmission opportunities so as to deliver each packet in the minimum possible time to the required number of group members. The problem is an instance of the stochastic shortest path problem, and using this formulation computationally simple, closed form transmission strategies has been obtained in important special cases.

Index Terms— Broadcast property, Dynamic programming, Threshold policies, Wireless multicast

I. INTRODUCTION

In wireless networks, many real-time applications like conference meetings, emergency operation in case of a natural disaster and military operations require one to many (multicast) communication. Realtime applications can tolerate some packet loss but require low delay. Our contribution is to develop transmission schemes that minimize the delay in real-time MAC layer multicast by exploiting the limited loss tolerance and the broadcast property of wireless medium. Most of the work in wireless multicast has focused on the network and transport layers, e.g., [5], [8], [12]. Though the performance of the network and transport layer protocols depends on the efficiency of the MAC layer strategy, MAC layer multicast has not been adequately explored. Our work is directed towards filling this void.

Now, we describe the challenges in minimizing the delay attained by MAC layer multicast schemes. Due to the broadcast property of wireless communication, a sender can deliver a packet to all its receivers which are in its transmission range using a single transmission. Apparently, this broadcast nature can be used to reduce the delay at the MAC layer. But, the broadcast nature also introduces critical challenges. A multicast specific challenge is that some but not all the receivers may be ready to receive due to the interference in their neighborhood and

P. Chaporkar is with INRIA, Paris, France. His email address is Prasanna.Chaporkar@ens.fr. S. Sarkar is with the Department of Electrical and Systems Engineering at University of Pennsylvania. Her email address is swati@seas.upenn.edu. This work was supported by the National Science Foundation under grants ANI-0106984, NCR-0238340 and CNS-0435306. Parts of this paper have been presented at Wiopt 2005 and Allerton 2003.

transmission quality in wireless channels. Consider a MAC layer multicast session from a sender S1 to receivers R1 to R4 which are in S1’s transmission range (Figure 1). When S2 is transmitting, R1 and R2 can not receive a transmission from S1 as both the transmissions will collide at these receivers. However, R3 and R4 can still receive the transmission if S3 is not transmitting. It is not clear whether the delay will be minimized if S1 transmits the packet only when all the receivers are ready simultaneously, or if S1 transmits separately to receivers R1- R2 and R3-R4. The following example illustrates the point.

Example: We compare the expected delay in delivering a Head of Line (HoL) packet for two transmission strategies in Figure 1: (a) S1 transmits when all the receivers are ready, and (b) S1 transmits first to R1-R2 and then to R3-R4. Let S2 and S3 require one slot to transmit a packet. We assume that S2 and S3 do not transmit when S1 is transmitting, and otherwise transmit independently with probability (w.p.) 1 − p each. The expected delay under the first policy (E[D1]) is equal to the expected time till all the four receivers become ready plus the packet transmission time which we denote as V , i.e., E[D1] = 1/p^2 + V . The expected delay under the second policy (E[D2]) is equal to the expected time till R1-R2 become ready plus the expected time till R3-R4 become ready plus 2V , i.e., E[D2] = 2(1/p + V ). Let p = 0.1. Now, when V = 10, then E[D1] = 110 slots and E[D2] = 40 slots. When V = 100, then E[D1 ] = 200 slots and E[D2] = 220 slots. Thus, different policies achieve smaller delays in different scenarios.

The above example shows that multiple transmissions, if utilized properly, can significantly reduce the delay. But multiple transmissions also increase the power consumption and the network load. Hence, it is desirable to limit the number of such transmissions. Thus, one needs to design a policy that judiciously utilizes the transmissions and the broadcast nature of wireless medium to minimize the delay.

Real-time applications can accommodate some packet loss without noticeable degradation in the quality of service, e.g., for voice, depending on the encoding and transmission schemes used, 20% packet loss can be acceptable [7]. Hence, depending on the loss tolerance of applications, it may suffice to deliver each packet only to a certain fraction of the multicast group. The following example demonstrates that a small loss tolerance can significantly reduce the delay.

Example: Consider a MAC layer multicast session from S1 to receivers R1, R2, . . . , R20 . Let a receiver be ready in a slot w.p. 0.6 independent of its state in other slots and the states of other receivers in any slot. Each receiver must receiver 95% of the transmitted packets. We consider two policies: (a) S1 transmits only when all receivers are ready, and (b) S1 transmits when 19 or more receivers are ready. Let the transmission time for each packet be one slot. The mean delays under policies (a) and (b) are 27351.11 slots and 1908.22 slots respectively. The expected fraction of packets lost at a receiver under policies (a) and (b) are 0 and 0.047 respectively. Thus, the delay can be significantly reduced by exploiting the loss tolerance.

We investigate the trade-off between loss and delay for MAC layer multicast. Specifically, we study the problem of minimizing the mean delay to deliver an HoL packet to Z out of total G receivers using at most K transmissions. The parameters Z and K depend on loss tolerance of the application and power constraints respectively. In Sections II and III, we describe the system model, and formulate the optimization goal as a Stochastic Shortest Path (SSP) problem respectively [2], [3]. The time and the memory required by the SSP computation increases exponentially with increase in G. Next, using the SSP formulation, we show that the computation time and the storage requirements of the optimal policy are polynomial in G, K, Z when the readiness states of different receivers constitute mutually independent and identically distributed Markov processes (Section IV-A). Next, we consider two extreme cases of the above i.i.d. Markovian receiver readiness process: the readiness process of each receiver is (1) bursty, i.e., the transition probabilities of the MC are small (Section IV-B), and (2) Bernoulli (Section IV-C). In both these cases, we prove that the optimal policy is threshold-type, and the storage requirements and the computation time for the optimal thresholds are polynomial in G, K, Z. In Section V, we discuss several salient features of the policies and evaluate their performances numerically and using simulations. We present all proofs in the appendix.

We briefly review the MAC protocols for multicast in ad hoc networks. IEEE 802.11 supports MAC layer multicast by disabling the control mesage exchange and broadcasting the data packets; the protocol is not therefore reliable. Tang et. al. have proposed to enhance the reliability of IEEE 802.11 by (a) using the capture mechanism to ensure that at least one receiver is ready when the packet is broadcast [10], and (b) transmitting a packet to each receiver separately in unicast mode [11]. The first scheme may not provide desired loss rates, and the second scheme does not exploit the broadcast property.

II. SYSTEM MODEL We consider a single multicast session with G receivers. The impact of the network and the channel errors on the multicast session is that the receivers are not always ready to receive. This may happen because of a transmission in the neighborhood of a receiver, bursty channel errors, or power saving operation of a receiver. Thus, the receiver readiness states are correlated in the same time slot, and across the time slots. We model the readiness process of all the receivers as a Markov chain (MC) with an arbitrary transition probability matrix (TPM) ^B. A state of the MC is the G-dimensional readiness vector ⃗j = [j_1 j_2 . . . j_G], where the component j_l is 1 if the l^{th} receiver is ready and 0 otherwise. Let C denote the state space of the MC. We assume that the 2^G × 2^G TPM ^B is irreducible, aperiodic and time-homogeneous. We adopt this model because in a distributed environment the senders do not coordinate their transmissions, and only observe the readiness states of their receivers. Thus from the perspective of a sender the network is a stochastic disturbance which is not controllable but only partially observable. The arbitrary Markovian transitions of the readiness process allow us to consider different network loads and different inter-session interactions.

A sender queries the readiness states of the receivers by transmitting control packets, and decides whether to transmit a packet depending on the transmission strategy and result of the query. Every receiver maintains its readiness state throughout the transmission. This assumption is justified because the time scale of a change of transmission quality is much larger than the duration of packet transmission. Also, the level of interference does not change during a packet transmission, since in several MAC protocols (e.g., IEEE 802.11), the exchange of control messages prevents a new transmission during an ongoing transmission in the reception range of the receiver. The sender backs off for a random duration before querying the system again, irrespective of the transmission decision, so as to allow other senders to use the shared medium. The structure of the multiple access protocol described above is similar to IEEE 802.11. Note that the receiver readiness process is Markovian only when restricted to the slots in which the sender queries or backs off, e.g., in duration [T1, T3] ∪ X3 ∪ T4 ∪ X4 in Figure 2.

Fig. 2. Figure shows typical transitions of the receiver readiness process (solid arcs) and the sampled readiness process (dashed arcs). A box indicates a time slot. The T_i’s, V_i’s and X_i’s denote the sample points, duration of transmission and duration of back-off, respectively.

We assume that time is slotted. The packet transmission times and back-off durations are independent and identically distributed (i.i.d.) random variables with arbitrary probability distributions and finite expected values E[V ] and E[X] respectively. For brevity, let X = E[X] + 1 and V = E[V + X] + 1. The slots in which the sender queries the readiness states are called sample points, and the readiness process observed by the sender is called sampled readiness process. Note that the sampled readiness process is also an irreducible, aperiodic and time-homogeneous MC. Let B denote the TPM for the sampled readiness process. Then, the transition probabilities of the sampled readiness process are

B_{⃗j,⃗j1} = ∞� l=1 ^B^{(l)}_{⃗j,⃗j1} P{X = l − 1},

where ^B^{(l)}_{⃗j,⃗j1} is the probability of being in state ⃗j1 starting from state ⃗j after l transitions of the original readiness process. At any time, a receiver is satisfied if it has received the packet in prior transmissions; otherwise it is unsatisfied. Initially every receiver is unsatisfied and with subsequent transmissions some receivers become satisfied.

III. A FRAMEWORK FOR COMPUTING THE OPTIMAL TRANSMISSION POLICY Our goal is to design a transmission strategy that minimizes the expected time to deliver an HoL packet to at least Z receivers using at most K transmissions. This optimization can be formulated as a stochastic shortest path problem (SSP) as follows. Let ⃗a = [a1 a2 · · · aG] where ai is 1 if receiver i is satisfied, and ai is 0 otherwise. The system state is the vector (k,⃗a,⃗j), where k is the number of completed transmissions and ⃗j is the readiness vector. Note that when k = 0, then ⃗a = ⃗0, where ⃗0 is the G-dimensional vector of zeroes. In every state (k,⃗a,⃗j), the sender can either back-off or transmit. If the sender backs off, then the state becomes (k,⃗a,⃗j1) w.p. B_{⃗j,⃗j1} . If the sender transmits, then the state becomes (k + 1,⃗j ∘ ⃗a,⃗j1) w.p. B_{⃗j,⃗j1} , where ⃗j ∘⃗a denotes the element-wise OR operation of the vectors ⃗j and ⃗a. The process terminates when Z or more receivers are satisfied, i.e., the states (k,⃗a,⃗j) such that

�_G

i=1 ai ≥ Z are the termination states.

The system needs to reach a termination state in the minimum expected time. Let J^∗(k,⃗a,⃗j) denote the minimum expected time to terminate (minimum termination time) from (k,⃗a,⃗j). Clearly, for every termination state (k,⃗a,⃗j) (states with

�_G

i=1 ai ≥ Z), J^∗(k, z, t) = 0. If after K − 1 transmissions the number of satisfied receivers z is less than Z, then the sender transmits only if Z − z or more unsatisfied receivers are ready. Thus the process always terminates. Also,

J^∗(K − 1,⃗a,⃗j) = V + s̃_{⃗j,J⃗a} if G� i=1 ai < Z, (1)

where, J_{⃗a} = �⃗ j : �_G i=1 ai ∘ ji ≥ Z � and s̃_{⃗j,J⃗a} denote the product of X and the expected number of sample points required to reach any of the states ⃗j1 ∈ J_{⃗a} for the first time starting from ⃗j in the receiver readiness process.

Fig. 3. Figure shows the readiness process for a receiver when the readiness processes are i.i.d. Markovian. The readiness process is as observed at the sample points. NR and R indicates states Not Ready and Ready respectively.

Fig. 4. Figure shows possible transitions from state t in the aggregate readiness process of G − z unsatisfied receivers.

Let J^∗_T (k,⃗a,⃗j) and J^∗_B (k,⃗a,⃗j) denote the minimum expected termination time from (k,⃗a,⃗j) if the control decision is to transmit and back-off respectively. For convenience, we assume that J^∗(K,⃗a,⃗j) = ∞ if

�_G i=1 ai < Z; note that the system never reaches these states. The minimum expected termination times from the states with �_G

i=1 ai < Z, k ≤ K − 1, satisfy the following Bellman’s equations.

J^∗(k,⃗a,⃗j) = min{J^∗_T (k,⃗a,⃗j), J^∗_B (k,⃗a,⃗j)}, (2)

J^∗_T (k,⃗a,⃗j) = V + � ⃗j1 ∈C

B_{⃗j,⃗j1} J^∗(k + 1,⃗j ∘ ⃗a,⃗j1), (3)

J^∗_B (k,⃗a,⃗j) = X + � ⃗j1 ∈C

B_{⃗j,⃗j1} J^∗(k,⃗a,⃗j1). (4)

If J^∗(k,⃗a,⃗j) = J^∗_B (k,⃗a,⃗j), then the optimal decision in state (k,⃗a,⃗j) is to back-off; otherwise the optimal decision is to transmit. Thus, the optimal strategy can be obtained by solving the Bellman’s equations (2), (3) and (4).

Bellman’s equations can be solved using several standard methods, among which the Linear Programming method [3] has the least complexity. In this method, we need to solve a linear program in which the number of variables and constraints are of the order of the number of system states which is K2^{2G} in this case. Thus, the complexity of this method is O((K2^{2G} )^{3.5}) [6]. Once the optimal policy is computed, on-line transmission decisions can be made using a lookup table which needs to store all O(K2^{2G} ) system states. Thus, both the time and the memory required for computing and executing the optimal strategy increases exponentially with increase in G.

IV. OPTIMAL TRANSMISSION STRATEGIES IN SPECIAL CASES We now consider the special case that the receiver readiness states evolve as per i.i.d. Markovian readiness processes. Specifically, each receiver’s readiness process at the sample points evolves as per a two state Markov process (Figure 3), which changes state from ready (not ready) to not ready (ready) with probability 1 − δ (1 − γ). The readiness states of different receivers are mutually independent and identically distributed. We obtain an optimal policy whose computational complexity is O(KG^7) and memory requirement is O(KG^2); both time and memory requirements therefore increase polynomially with increase in K and G (Subsection IV-A).

We next consider two extreme scenarios of i.i.d. Markovian readiness processes: (a) bursty readiness process (1 − γ and 1 − δ ≈ 0), and (b) Bernoulli readiness process (1 − γ = δ). We prove in Subsections IV-B and IV-C that in both these extreme cases the optimal strategies are threshold-type^∗ and have lower computation time (O(KG^3) for bursty readiness process, and O(KG^2 ) for Bernoulli readiness process) and lower memory requirements (O(KG)) than that for arbitrary i.i.d. Markovian readiness processes. In threshold type transmission policies, before each transmission, the sender selects a threshold and transmits only when the number of unsatisfied ready receivers exceeds the selected threshold. We show that the optimal threshold for each transmission depends on the number of transmissions utilized so far and the number of receivers that have already received the packet, and can be computed in O(KG^3 ) and O(KG^2 ) times for bursty and Bernoulli readiness processes respectively.

A. I.I.D. Markovian

We now consider i.i.d. Markovian readiness processes. Since the readiness states are independent and identically distributed, intuitively, the expected time for termination does not depend on identity of the satisfied or unsatisfied receivers, but rather depends only on the number of satisfied receivers (z) and the number of unsatisfied ready receivers (t). We prove this formally in the following lemma. Let z_{⃗a} denote the number of satisfied receivers, and let t_{⃗a,⃗j} denote the number of unsatisfied ready receivers in state (k,⃗a,⃗j), i.e.,

z_{⃗a} = G� i=1 ai and t_{⃗a,⃗j} = G� i=1 max{ji − ai, 0}.

Lemma 1: Let in system states (k,⃗a,⃗j) and (k,⃗a1,⃗j1)

z_{⃗a} = z_{⃗a1} and t_{⃗a,⃗j} = t_{⃗a1,⃗j1} . (5)

Then, for an i.i.d. Markovian receiver readiness process,

J^∗(k,⃗a,⃗j) = J^∗(k,⃗a1,⃗j1) for every k ∈ {0, . . . , K}. (6) From Lemma 1, it suffices to consider the system state as (k, z, t).

Thus, the number of system states is O(KG^2 ). Since in each state there are only two possible actions (transmission and back-off), the memory required for storing the optimal policy is also O(KG^2 ).

Another important consequence of Lemma 1 is that the expected termination time depends on the initial readiness vector only through the initial number of ready receivers. Hence, when the initial number of ready receivers is t, we refer to the problem of minimizing the above expected time as P(K, G, Z, t). We now describe how P(K, G, Z, t) can be solved in polynomial time.

We now consider the aggregate readiness process of receivers. The state of the aggregate readiness process is the number of ready receivers (Figure 4). Clearly, the aggregate readiness process is a Markov process. The transition probability in the aggregate readiness process of G − z receivers, Pt,t_1 (z), denotes the probability that t1 receivers are ready at the current sample point given that t out of G − z receivers were ready at the previous sample point. Then, for all t, t1 ∈ {0, . . . , G − z},

Pt,t_1 (z) = t� u=0 � t u � δ^u(1 − δ)^{t−u} × � G − z − t t1 − u � (1 − γ)^{t1−u}γ^{G−z−t−t1+u}. (7)

Here,

�_c ^c � = 0 if ^c < 0 or ^c > c. If the sender backs off in state (k, z, t), then the state changes to (k, z, t1) w.p. Pt,t_1 (z), and if the sender transmits in state (k, z, t), then the state changes to (k + 1, z + t, t1) w.p. P0,t_1 (z + t).

∗For bursty readiness processes, we have proved that the optimal strategy is threshold-type except at the first transmission of the packet in which the optimal policy can transmit in one of two states.

Procedure Optimal Policy Computation(K, Z) begin

s^′_{t,}^_t (z)^{Def}= the product of X and the expected number of sample points to visit a

state u ≥ ^t for the first time from state t in the aggregate readiness process of G − z receivers.

Note: s^′_{t,Z−z} (z) = 0 for every t ≥ Z − z.

D_{k,z,t}^{Def}= the control decision in state (k, z, t). D_{k,z,t} ∈ {T, B}.

Initialize: (B1) ^J^∗(k, z, t) = 0 for every k, t and z ≥ Z,

(B2) ^J^∗(K − 1, z, t) = V + s^′_{t,Z−z} (z) for every z < Z, t and D_{K−1,z,t} = B if z + t < Z; D_{K−1,z,t} = T otherwise.

for (k = K − 2 to 0) do

solve the following LP. LP1:- Maximize:

�_{Z−1} z=0 �_{G−z}

t=0 ^J(k, z, t)

Subject to:

1. ^J(k, z, t) ≤ ^J_T (k, z, t) 2. ^J_T (k, z, t) = V +

�_{G−z−t}

^t=0^P0,^t^{(z + t)} ^^{J ∗ (k + 1, z + t,}^^{t) for every}

z < Z and t < G − z.

3. ^J(k, z, t) ≤ ^J_B (k, z, t) 4. ^J_B (k, z, t) = X +

�_{G−z}

^t=0^Pt,^t^{(z)} ^^{J(k, z,}^^{t) for every z < Z and}

t < G − z,

Let ^J^∗(k, z, t), ^J^∗_T (k, z, t) and ^J^∗_B (k, z, t) denote the optimal solution of LP1.

(B3) D_{k,z,t} = T if ^J^∗_T (k, z, t) < ^J^∗_B (k, z, t), and D_{k,z,t} = B otherwise.

Policy π(K, Z) transmits in state (k, z, t) if D_{k,z,t} = T ; it backs off otherwise. end

Fig. 5. Pseudo code for the optimal transmission policy, π(K, Z), when the receiver readiness processes are i.i.d. Markovian.

The policy π(K, Z) comprising of control decisions {D_{k,z,t}, k = 0, . . . , K − 1, z = 0, . . . , Z − 1, t = 0, . . . G − z} computed in Figure 5 solves P(K, G, Z, t) for all t. The algorithm in Figure 5 first solves P(1, G − z1, Z − z1, t1) for all z1, t1 using (1). Subsequently, it progressively solves P(k, G − z1, Z − z1, t1) for all z1, t1 and k = 2, 3, . . . K by solving the linear program LP1. Now, (B3) in Figure 5 obtains the optimal decisions in every state (k, z, t) as the optimal decision D_{k,z,t} is to transmit (back-off, resp.) in state (k, z, t) if and only if J^∗_T (k, z, t) < (≥, resp.)J^∗_B (k, z, t).

Theorem 1: For every k ≤ K − 1 and z, t, ^J^∗(k, z, t) = J^∗(k, z, t). For every t = 0, . . . , G, π(K, Z) solves P(K, G, Z, t) Finally, π(K, Z) is computed in Figure 5 by solving O(K) linear programs each with O(G^2) variables and constraints. Thus, π(K, Z) can be computed in O(KG^7) time [6].

B. Subcase 1: Bursty Receiver Readiness States

We consider a special case of i.i.d. Markovian readiness process in which the receiver readiness states are bursty, i.e., the transition probabilities 1 − δ and 1 − γ are close to zero. From (7) we observe that if |t − u| ≥ 2, then Pt,u(z) ≈ 0 as it only contains terms with higher powers of (1 − δ) and/or (1 − γ) for every z ∈ {0, . . . , G}. Now, for u ∈ {t − 1, t, t + 1} and t ∈ {0, . . . , G − z}

Pt,t+1(z)^{Def}= αt(z) ≈ (G − t − z)δ^tγ^{G−z−t−1}(1 − γ)

Pt,t−1(z)^{Def}= βt(z) ≈ tγ^{G−z−t}δ^{t−1}(1 − δ) Pt,t(z) ≈ 1 − (αt(z) + βt(z)).

Thus, the aggregate receiver readiness process can be approximated as a non-homogeneous Birth-Death (BD) process (Figure 6). Let t_k be the number of ready, unsatisfied receivers right after the kth transmission, for k ≥ 1. Let t0 be the number of ready receivers when

Fig. 6. Figure shows a BD process that approximates the aggregate receiver readiness process of G − z unsatisfied receivers when the receivers have bursty i.i.d. Markovian readiness processes.

the packet reaches the HoL position. Using the BD approximation, we obtain a closed form computationally simple optimal transmission strategy, π1(K, Z) (Figure 7). We prove that the optimal transmission decision in any state (k, z, t) is to transmit if and only if (i) t is greater than or equal to a threshold τ (k, z), if k ≥ 1 and (ii) t has one of two values that depend on t0, if k = 0. Thus, the optimal policy can be stored as a function of k and another variable (z or t0) that has G + 1 possible values; this requires O(KG) memory.

We first explain why the transmission policy at k = 0 differs from that at other values of k. Note that t0 ∈ {0, . . . , G}, while t_k ∈ {0, 1}, for k ≥ 1. Let z receivers be satisfied after k transmissions and let T_{k,z} denote the set of aggregate readiness states in which the optimal decision is to transmit:

T_{k,z} = {t : 0 ≤ u ≤ G − z and J^∗_T (k, z, t) < J^∗_B (k, z, t)} . (8)

Let m_{k,z} denote the smallest member of T_{k,z} . Clearly, m_{k,z} ≥ 1 for every k and z. Let k ≥ 1. Since t_k ∈ {0, 1}, t_k ≤ m_{k,z}. Thus, due to its birth-death nature, starting from t_k, the aggregate readiness process of unsatisfied receivers can not reach states greater than m_{k,z} + 1 before m_{k,z} . Thus, the optimal policy transmits when m_{k,z} unsatisfied receivers are ready (Figure 8(a)). This explains the existence of optimal thresholds in this case. But, t0 can exceed 1. Hence, m0,z may be less than t0. Thus, the optimal policy transmits when either u1 or u2 unsatisfied receivers are ready, where u1 is the largest element of T0,z such that u1 < t0 and u2 is the smallest element of T0,z such that u2 > t0 (Figure 8(b)). Thus, for k = 0, the optimal strategy may not be threshold-type, and the minimum expected termination time is the minimum of the expected termination times in the cases that m0,z ≥ t0 (J1(0, 0, t)) and m0,z < t0 (J2(0, 0, t)) (Figure 7).

π1(K, Z) in Figure 7 first computes ^J^∗(K −1, z, tK−1) for z ≤ G, tK−1 ∈ {0, 1} and the optimal threshold τ (K − 1, z) from (1) and the birth-death nature of the aggregate readiness process ((C1) and (C2)). Subsequently, it sequentially computes, ^J^∗(k, z, t_k) for z ≤ G, t_k ∈ {0, 1} and the optimal threshold τ (k, z) for k = K − 2, K − 3, . . . , 1 ((C3), (C4) and (C5)). Finally, it computes ^J^∗(0, z, t0) for z ≤ G, t0 ∈ {0, . . . , G} and the possible transmission states τ (t0) ((C6) and (C7)). We prove that these ^J^∗(k, z, t) equal corresponding values of J^∗(k, z, t) (Appendix B). π1(K, Z) can be computed in O(KG^3 ) time.

Theorem 2: Let the aggregate receiver readiness processes of unsatisfied receivers be a BD process. Then, π1(K, Z) solves P(K, G, Z, t) for every t ∈ {0, . . . , G}.

Note that the BD modeling is an approximation for i.i.d. Markovian processes for low values of 1 − γ and 1 − δ. We now evaluate the error due to this approximation. Let DO denote the minimum expected delay obtained using the policy in Figure 5. Let DA denote the expected delay obtained using the policy in Figure 7. In Figure 9, we plot the percentage normalized approximation error^{DA−DO}_{DO} × 100 as a function of 1 − δ. This normalized approximation error turns out to be 0 for small values of 1 − δ and it is less than 2% for 1 − δ ≤ 0.3. This validates the BD approximation. Note that when the readiness states are generated by a Raleigh fading channel which is good for 99% of

Procedure Threshold Computation 1(K, Z) begin

s_{u,v} (z)^{Def}= the product of X and the expected number of sample points to reach state v from state u for the first time in the BD process of G − z unsatisfied receivers. s_{u,v1 ||v2} (z)^{Def}= the product of X and the expected number of sample points to reach either state v_1 or state v_2 from state u for the first time in BD process of G − z unsatisfied receivers.

r^z_{t,v1} ({v_1, v_2 })^{Def}= is the probability of visiting state v_1 before v_2 from state t in BD process of G − z unsatisfied receivers.

τ (k, z)^{Def}= the optimal threshold when z receivers are satisfied after k transmissions, for k ≥ 1.

^τ(t)^{Def}= a set of aggregate readiness states such that the optimal policy transmits when u ∈ ^τ(t) receivers are ready, if k = 0 and t0 = t.

(C0) Note : ^J^∗_T (k, z, u) = V + (1 − α_0 (z)) ^J^∗(k + 1, z + u, 1) +α_0 (z) ^J^∗(k + 1, z + u, 0)

for (z ∈ {1, 2, . . . , G}) do

(C1) ^J^∗(K − 1, z, i) = s_{i,Z−z} (z) + V if z < Z, i ∈ {0, 1} and

^J^∗(k, z, i) = 0 if z ≥ Z.

(C2) τ (K − 1, z) = Z − z if z < Z = z o.w.

for (k = K − 2 to 1) do

for (z = 1 to Z − 1) do

(C3) τ (k, z) ∈ arg min_{1≤u≤Z−z}

�_{s1,u (z) +} ^J^∗_T (k, z, u)

�_†

(C4) ^J^∗(k, z, 1) = s_{1,τ (k,z)}(z) + ^J^∗_T (k, z, τ (k, z)) (C5) ^J^∗(k, z, 0) = ^J^∗(k, z, 1) + s_{0,1} (z) for (t ∈ {0, 1, . . . , G}) do

J_1(0, 0, t) = min_{u≥t}

�_{st,u (0) +} ^J^∗_T (0, 0, u) � J_2(0, 0, t) = min u_1 >t_u

2 <t

�_{st,u}

1 ||u2 (0)+

�_2

i=1r^0_{t,ui} ({u_1 , u_2}) ^J^∗_T (0, 0, u_i ) � if (J_1 (0, 0, t) ≤ J_2(0, 0, t)) then

(C6) ^τ(t) = � ^u �_{such that J1(0, 0, t) = s} t,^u^{(0) +} ^^{J ∗T (0, 0,} ^^{u)}

else

(C7) ^τ(t) = � ^u1 , ^u2

�_{such that}

J_2(0, 0, t) = s_{t,}^_{u1 ||}^_{u2} (0)+

�_2

i=1r^0_{t,}^_u i ({^u1, ^u2 }) ^J^∗_T (0, 0, ^ui ).

^J^∗(0, 0, t) = min (J_1 (0, 0, t), J_2(0, 0, t)) . end Procedure Transmission Strategy 1(K, Z) begin

if (k = 0) and (K > 1) then

If t_0 = t, then π_1 (K, Z) transmits in states (0, 0, u), where u ∈ ^τ (t_0). else

π_1(K, Z) transmits in state (k, z, τ (k, z)). end

Fig. 7. Pseudo code for the optimal transmission policy, π_1(K, Z), when the receiver readiness processes are i.i.d. bursty Markovian.

the time and has mean fade duration of 10 slots, then 1 − δ = 0.001 and 1 − γ = 0.1 [9].

C. Subcase 2: Bernoulli Readiness States

Now, we assume that the receiver readiness states are i.i.d. Bernoulli, i.e., in a slot, a receiver is ready w.p. p. Now, Pt_1,t_2 (z) does not depend on t1 as the readiness states are independent across the slots. Thus, it suffices to maintain a two dimensional system state (k, z) and hence the memory required for executing the optimal policy is O(KG). Also, now the aggregate readiness process can have transitions to non-adjacent states (Figure 4). The optimal transmission algorithm π2(K, Z) (Figure 10) is, however, still threshold type, and can be computed in O(KG^2) time.

Theorem 3: For i.i.d. Bernoulli receiver readiness processeses π2(K, Z) solves P(K, G, Z, t) for every t ∈ {0, . . . , G}.

Fig. 8. Figure shows the aggregate readiness process of unsatisfied receivers. The shaded states are in T_{k,z}. Let the process be in state t. In case (a), m_{k,z} = u > t, and in case (b) m_{k,z} ≤ u_1 < t. The optimal policy transmits when (a) u unsatisfied receivers are ready in case (a), and (b) when either u_1 or u_2 receivers are ready in case (b).

Fig. 9. Figure shows the normalized approximation error (^{DA−DO}_{DO} × 100) % introduced due to the BD approximation in the computation of the minimum expected delay as a function of the transition probability 1−δ. In case 1, γ = δ. In case 2, γ = 0.9. Here, G = Z = 10, EV = 100 slots and K = 5.

V. PERFORMANCE EVALUATION AND DISCUSSION

We first discuss how Z can be chosen based on application requirements. The loss at a receiver is the fraction of packets transmitted by the sender which the receiver does not receive, and the system loss is the sum of the losses of the receivers. Usually, higher layer applications and coding schemes (e.g., digital fountain [4]) require that the loss at each receiver be upper bounded by a constant. In several cases, retrieving a lost packet from another receiver is easier than retrieving a lost packet from the sender, e.g., when the distance between different receivers is significantly lower than that between the sender and any receiver. In such scenarios, the applications require upper bounds on the system loss. The policies presented in this paper guarantee that the system loss is upper bounded by G − Z. When the receiver readiness process is iid markovian, the policies also ensure that the loss at each receiver is upper bounded by (G − Z)/G with probability 1. Thus, in these cases, Z can respectively be determined from the system loss requirements and the loss tolerance at the individual receivers. When the receiver readiness processes are not iid, loss guarantees can only be obtained for individual receivers by including explicit constraints related to such requirements in the MDP formulation. We expect that the complexity of solving such a constrained markov decision process will be exponential in G and K [1].

We now evaluate the performance of the proposed policies using numerical computations. Figure 11 demonstrates that the expected delay significantly decreases as K increases for small K, and saturates with further increase in K. Figure 11 also shows that the minimum expected delay is significantly lower for 5% loss tolerance at each receiver (i.e., 100 ∗ (G − Z)/G = 5), than that for zero loss tolerance (Z = G). Thus, a small number of transmissions and a small loss tolerance are usually sufficient to achieve the minimum expected delay.

(a) Network Topology (b) Retransmission Gain (c) Comparison with Threshold-1 Heuristic

Fig. 12. Figure (a) shows a topology we use to study the performance of the optimal policy using simulations. The topology has a multicast session with sender M and 8 receivers m_1 to m_8 and 8 unicast sessions. Unicast session i has sender U_i and receiver u_i, 1 ≤ i ≤ 8. Each U_i generates packets as per Poisson process with rate λ_U , and M always has a packet and needs to deliver each packet to all the receivers. The mean packet sizes for M and unicast senders is 20 and 1 slot respectively. For every i ∈ {1, . . . , 8}, U_i is ready except when it is backing off or m_i is receiving a packet. Also, m_i is ready except when U_i is transmitting a packet to u_i, and M is not ready when it backs off, while u_i is always ready. Figure (b) shows the average delay of the multicast session for various values of λ_U . Figure (c) shows the delays of the multicast session under optimal and threshold-1 policies.

Procedure Threshold Computation 2(K, Z) begin ^pu (z)^{Def}= the probability that u out of G − z receivers are ready.

q_{u,u1} (z)^{Def}= the probability that u_1 out of G−z unsatisfied receivers are ready given that u_1 ≥ u.

For every z ∈ {1, 2, . . . , G} (D1) G^∗(K − 1, z) = X/^p_{Z−z} (z) + V if z < Z and = 0 o.w.

(D2) τ (K − 1, z) = Z − z if z < Z; for (k = K − 2 to 1) do

for (z = 1 to Z) do

(D3) G^∗(k, z) = min_{0≤u≤Z−z}

�_X

^pu(z)^+

�_{G−z}

v=u q_{u,v} (z)G^∗(k+1, z+v) � +V ,

(D4) τ (k, z) ∈ arg min_{0≤u≤Z−z}

�_X

^pu(z)^+

�_{G−z}

v=uq_{u,v} (z)G^∗(k + 1, z+v) � end Procedure Transmission Strategy 2(K, Z) begin

Initialize the system state (k, z) = (0, 0). while (z < Z) do

Transmit when the number of unsatisfied ready receivers (say r) is greater than or equal to τ (k, z).

Update the system state after transmission as follows: k = k + 1 and z = z + r. end

Fig. 10. Pseudo code for the optimal transmission policy, π_2(K, Z), when the receiver readiness processes are i.i.d. Bernoulli.

We have so far assumed that the receiver readiness states are markovian and are not affected by the transmission policies. Next, using simulations, we demonstrate that the resulting intuition and performance trends carry over to actual networks where these assumptions may not hold. We consider a simple symmetric topology shown in Figure 12 (a), where the readiness states are generated by packet transmissions. We model the readiness process for each receiver as a birth death Markov process and estimate γ and δ from the readiness states. We subsequently obtain the transmission policy using these estimates, Z = G, and the algorithm proposed in Figure 7. In this simple example, the receiver readiness states generated by the above transmissions turn out to be ergodic. Thus, M can estimate the transition probabil-

Fig. 11. Figure shows the minimum expected delay when the readiness states are iid Markovian. Here, E[V ] = 100, G = 10 and δ = γ = 0.99.

ities of the readiness states from observations, e.g., by updating the estimates of the transition rates every time it samples the readiness states of the receivers. Next, for moderate values of λU , like in Figure 11, the proposed policy can significantly reduce the delay for multiple transmissions (K = 3) than when only one transmission (K = 1) is allowed (Figure 12(b)). Finally, we compare the performance of the proposed policy with a naive heuristic. In this heuristic, which we refer to as threshold-1 policy, M transmits when (a) at least one unsatisfied receiver is ready for the first K − 1 transmissions and (b) all the unsatisfied receivers are ready for the last transmission. The proposed policy achieves significantly smaller delay than the threshold-1 policy (Figure 12(c)). Proving that the receiver readiness states are ergodic and designing computationally tractable optimal policies in arbitrary networks constitute interesting problems for future research.

Finally, the computation time and storage requirements of the optimal policies π(K, Z), π1(K, Z), π2(K, Z) are exponential in the input size in all cases, as the input size is O(G) in the general case and O(log(G)) when the receiver readiness states are iid markovian. An interesting direction of future research is to determine whether the delay minimization problem is NP-hard.

REFERENCES [1] E. Altman. Constrained Markov Decision Processes, volume 1. Chapman and Hall/CRC.

[2] D. P. Bertsekas. Dynamic Programming and Optimal Control, volume 1.

Athena Scientific, second edition, 2000.

[3] D. P. Bertsekas. Dynamic Programming and Optimal Control, volume 2.

Athena Scientific, 2001.

[4] J. Byers, M. Luby, M. Mitzenmacher, and A. Rege. A digital fountain approach to reliable distribution of bulk data. In ACM SIGCOMM, pages 56–67, Vancouver, Canada, Sep 1998.

[5] M. Gerla, C.-C. Chiang, and L. Zhang. Tree multicast strategies in mobile, multihop wireless networks. ACM/Baltzer Journal of Mobile Networks and Applications (MONET), 1999.

[6] N. Karmarkar. A new polynomial-time algorithm for linear programming.

In 16th Annual Symposium on Theory of Computing, pages 302–311, New York, NY, 1984. Revised version in Combinatorica 4: 373-395.

[7] J Kurose and K. Ross. Computer Networking: A top-down approach featuring the Internet. Addison-Welsley Longman, 2nd edition edition, 2003.

[8] E. Pagani and G. Rossi. Reliable broadcast in mobile multihop packet networks. In MOBIHOC’97, pages 34–42, 1997.

[9] S. Shakkottai and R. Srikant. Scheduling real time traffic with deadlines over a wireless channel. ACM/Beltzer Wireless Networks Journal, 2001.

[10] K. Tang and M. Gerla. Random access mac for efficient broadcast support in ad hoc networks. In WCNC’00, 2000.

[11] K. Tang and M. Gerla. Mac reliable broadcast in ad hoc networks. In MILCOM’01, 2001.

[12] J. E. Wieselthier, G. D. Nguyen, and A. Ephremides. On the construction of energy-efficient broadcast and multicast trees in wireless networks. In INFOCOM’00, 2000.

APPENDIX VALUE ITERATION APPROACH We will prove the optimality results using the value-iteration approach that is used for solving the Bellman’s equations [3]. We now describe the value iteration approach. Let J_l(k,⃗a,⃗j), J_{l,T} (k,⃗a,⃗j) and J_{l,B} (k,⃗a,⃗j) be defined iteratively as follows. For every 0 ≤ k ≤ K − 1 and ⃗a,⃗j ∈ C such that

�_G i=1 ai < Z,

J_l(k,⃗a,⃗j) = min{J_{l,T} (k,⃗a,⃗j), J_{l,B} (k,⃗a,⃗j)}, (9)

J_{l,T} (k,⃗a,⃗j) = V + � ⃗j1 ∈C

B_{⃗j,⃗j1} J_{l−1}(k + 1,⃗a ∘ ⃗j,⃗j1), (10)

J_{l,B} (k,⃗a,⃗j) = X + � ⃗j1 ∈C

B_{⃗j,⃗j1} J_{l−1}(k,⃗a,⃗j1). (11)

For termination states (k,⃗a,⃗j) (

�_G

i=1 ai ≥ Z), J_l(k,⃗a,⃗j) = J_{l,T} (k,⃗a,⃗j) = J_{l,B} (k,⃗a,⃗j) = 0 for every l. Moreover, J_l(K,⃗a,⃗j) = ∞ if

�_G

i=1 ai < Z for every l.

For all 0 ≤ k ≤ K − 1, J0,T (k,⃗a,⃗j), J0,B (k,⃗a,⃗j), ⃗a,⃗j ∈ C, lim_{l→∞} J_{l,T} (k,⃗a,⃗j) = J^∗_T (k,⃗a,⃗j), lim_{l→∞} J_{l,B} (k,⃗a,⃗j) = J^∗_B (k,⃗a,⃗j) and lim_{l→∞} J_l(k,⃗a,⃗j) = J^∗(k,⃗a,⃗j) (Proposition 2.1.2 of [3]).

PROOF OF LEMMA 1 Proof: Let states (k,⃗a,⃗j) and (k,⃗a1,⃗j1) satisfy (5). If z_{⃗a} ≥ Z, or if k = K and z_{⃗a} < Z, then clearly J^∗(k,⃗a,⃗j) = J^∗(k,⃗a1,⃗j1). Thus, (6) follows. Now, let k < K and z_{⃗a} < Z. Let J0,T (k,⃗a,⃗j) = J0,B (k,⃗a,⃗j) = 0 for all 0 ≤ k ≤ K − 1. We prove that

J_l(k,⃗a,⃗j) = J_l(k,⃗a1,⃗j1) ∀ l, k ∈ {0, . . . , K −1}, z_{⃗a} < Z. (12)

Now, (6) follows after taking limits as l goes to ∞ in equation (12).

To prove (12), it suffices to show the following for every l.

J_{l,B} (k,⃗a,⃗j) = J_{l,B} (k,⃗a1,⃗j1), (13) J_{l,T} (k,⃗a,⃗j) = J_{l,T} (k,⃗a1,⃗j1). (14)

We prove (13) and (14) using induction. Now, (13) and (14) clearly hold for l = 0. We assume that (13) and (14) hold for every l ≤ L − 1, and prove them for l = L. Let Cu(⃗a,⃗j) = �⃗ j^′ : t_{⃗a,⃗j}′ = u � for u ∈ {0, . . . , G − z_{⃗a}}. Thus, from (11),

JL,B (k,⃗a,⃗j) = X +

G−z⃗a�

u=0 � ⃗j′∈Cu(⃗a,⃗j)

B_{⃗j,⃗j}′ JL−1(k,⃗a,⃗j^′).

JL,B (k,⃗a,⃗j) − JL,B (k,⃗a1,⃗j1) = G−z⃗a�

u=0 � � � ⃗j′ ∈Cu(⃗a,⃗j)

B_{⃗j,⃗j}′ − � ⃗j′ ∈Cu(⃗a1,⃗j1 )

B_{⃗j1 ,⃗j}′ � �J_{L−1}(k,⃗a,⃗j^′)

(from (5) and induction hypothesis).

Now,

�_⃗

j′ ∈Cu(⃗a,⃗j) B⃗j,⃗j′ =

�_⃗

j′∈Cu(⃗a1,⃗j1 ) B⃗j1 ,⃗j′ for every u ∈

{0, . . . , G − z_{⃗a}} whenever the receiver readiness states are iid and (5) holds. Thus, JL,B (k,⃗a,⃗j) = JL,B (k,⃗a1,⃗j1). Hence, by induction, (13) follows. Equation (14) follows from similar arguments.

Henceforth, we denote the system state as (k, z, t). Now, the Bellman’s equations are as follows for k ≤ K − 1, z < Z and t ≤ G − z.

J^∗(k, z, t) = min {J^∗_T (k, z, t), J^∗_B (k, z, t)} , (15)

J^∗_T (k, z, t) = V +

G−z−t�

^t=0

P_{0,}^_t(z + t)J^∗(k+1, z+ t, ^t), (16)

J^∗_B (k, z, t) = X +

G−z�

^t=0

P_{t,}^_t(z)J^∗(k, z, ^t). (17)

If z ≥ Z, then as before J^∗(k, z, t) = 0 for every k ≤ K. Also, J^∗(K, z, t) = ∞ if z < Z. As described in the previous section, Bellman’s equations can be solved using value iteartion method. Let J_l(k, z, t), J_{l,T} (k, z, t) and J_{l,B} (k, z, t) be defined iteratively as follows for 0 ≤ k ≤ K − 1, 0 ≤ z < Z and 0 ≤ t ≤ G − z.

J_l(k, z, t) = min {J_{l,T} (k, z, t), J_{l,B} (k, z, t)} , (18)

J_{l,T} (k, z, t) = V +

G−z−t�

^t=0

P_{0,}^_t(z + t)J_{l−1}(k+1, z+ t, ^t), (19)

J_{l,B} (k, z, t) = X +

G−z�

^t=0

P_{t,}^_t(z)J_{l−1}(k, z + t, ^t). (20)

Also, J_l(k, z, t) = 0 if z ≥ Z and J_l(K, z, t) = ∞ if z < Z for every l.

PROOF OF THEOREM 1 We prove a supporting lemma (Lemma 2) which shows that P(K, G, Z, t) can be solved using a linear program LP2 which we describe next. Subsequently, we use Lemma 2 to prove Theorem 1.

LP2: Maximize

�_{K−1} k=0 �_G z=0 �_{G−z}

t=0 β_{k,z,t} ^J(k, z, t) Subject to:

1) ^J(k, z, t) = 0 for every z ≥ Z, k ≤ K − 1 and t ≤ G − z, 2) ^J(K − 1, z, t) = V + s^′_{t,Z−z}(z) for every z < Z, 3) ^J(k, z, t) ≤ ^JB (k, z, t), k ≤ K − 1, 4) ^JB (k, z, t) = X +

�_{G−z}

^t=0 Pt,^t(z)

^J(k, z, ^t) for every k ≤ K − 1, z ≤ Z − 1 and t ≤ G − z, 5) ^J(k, z, t) ≤ ^JT (k, z, t), k ≤ K − 1, 6) ^JT (k, z, t) = V +

�_{G−z−t} ^t=0 P0,^t(z)

^J(k + 1, z + t, ^t) for every k ≤ K − 1, z ≤ Z − 1 and t ≤ G − z.

Let ^J^1(k, z, t), ^J^1_B (k, z, t) and ^J^1_T (k, z, t) denote the optimal solution of LP2 for every k ≤ K − 1, z ∈ {0, . . . , G} and t ∈ {0, . . . , G − z}.

Lemma 2: Let β_{k,z,t} ≥ 0 for every (k, z, t). Then, the following hold.

(A1) The linear program LP2 is always feasible.

(A2) If ^J(k, z, t) is a feasible solution of LP2, then J^∗(k, z, t) ≥ ^J(k, z, t) for every (k, z, t).

(A3) If β_{k,z,t} > 0, then ^J^1(k, z, t) = J^∗(k, z, t).

Proof: Note that the assignment ^J(K − 1, z, t) = V + s^′_{t,Z−z}(z) for every z < Z, and J(k, z, t) = 0 otherwise is a feasible solution of LP2. Thus, (A1) follows. The proof for (A2) follows using arguments similar to that in [2] (Chapter 7, pp. 376). Next, J^∗(k, z, t) is a feasible solution of LP2. Thus, (A3) clearly follows from (A2).

Let J^π (k, z, t) denote the expected termination time from state (k, z, t) under policy π. Also, let J^π_T (k, z, t) (J^π_B (k, z, t), resp.) denote the expected termination time if the sender transmits (backs off, resp.) in (k, z, t) and subsequent decisions are taken as per π.

A. Proof of Theorem 1

Proof: If z ≥ Z, then J^∗(k, z, t) is 0 for any k, t. Thus, (B1) in Figure 5 obtains optimal termination times from every state (k, z, t) such that z ≥ Z. Thus, henceforth, we only consider z < Z.

We prove the following using induction on k. (H1) For every (k, z, t), ^J^∗(k, z, t) = J^∗(k, z, t).

For k = K − 1, (H1) follows from (1). Now, we assume (H1) for k > ^k and prove (H1) for k = ^k.

In LP2, we choose β_{k,z,t} = 1 if k = ^k and 0 otherwise. Thus,

^J^1(^k, z, t) = J^∗(^k, z, t) (from (A3) of Lemma 2). (21)

Note that ^J^∗(^k, z, t) is the optimal solution of LP1 in Figure 5 for k = ^k. Now, LP1 in Figure 5 for k = ^k is similar to LP2 except that it has fewer constraints, and the right hand sides of these constraints have ^J^∗(^k +1, z, t) instead of ^J(^k +1, z, t). By induction hypothesis, ^J^∗(^k + 1, z, t) = J^∗(^k + 1, z, t). Thus, from (A2) of Lemma 2, the maximum value of the objective function of LP1 is greater than or equal to that of LP2.

Thus, G� z=0 G−z� t=0 ^J^∗(^k, z, t) ≥ G� z=0 G−z� t=0 ^J^1(^k, z, t). (22)

It can be easily seen that J^∗(k, z, t) for k > ^k, ^J^∗(^k, z, t) and ^J(k, z, t) = 0 for k < ^k is a feasible solution for LP2. Thus,

^J^∗(^k, z, t) ≤ J^∗(^k, z, t) (from (A2) of Lemma 2) . (23)

Thus, from (21) to (23), ^J^∗(^k, z, t) = J^1(^k, z, t). Now, from (21), (H1) holds for k = ^k.

The optimality of π(K, Z) follows from (B3) and (H1).

PROOFS OF THEOREMS 2 AND 3 First, we derive some properties of the optimal solution (Lemmas 3 to 7), and using these we prove Theorems 2 and 3. For any policy π,

J^π_T (k, z, u) = V if u ≥ Z − z. (24)

Let π^∗ be the optimal policy.

Lemma 3: Let z < Z, k < K. Then, T_{k,z} is unique. If u ≥ Z − z, u ∈ T_{k,z} .

Proof: Uniqueness of T_{k,z} follows since Bellman’s equations (15) to (17) has unique solutions. Now, let u ≥ Z − z. Since z < Z, k < K, at least one more transmission is required to reach a termination state. Hence, J^∗(k, z, t) ≥ V for every t. Thus, from (17),

J^∗_B (k, z, u) ≥ X +

G−z� t=0 Pu,t(z)V (25)

= X + J^∗_T (k, z, u) (by (24)).

Thus, J^∗_B (k, z, u) > J^∗_T (k, z, u). Hence, u ∈ T_{k,z} by (15).

Thus, when z < Z and k < K, m_{k,z} is well defined. Corollary 1: For z < Z, TK−1,z = {Z − z, . . . , G − z}.

Proof: Let u < Z − z and z < Z. Now, from (16) and since J^∗(K, z, t) = ∞ for every t, J^∗_T (K − 1, z, u) = ∞. Thus, clearly, J^∗_B (K − 1, z, u) ≤ J^∗_T (K − 1, z, u). Thus, from (8), u ∉ TK−1,z . The result follows from Lemma 3.

Lemma 4: For every k ≤ K − 1, z and t ≤ G − z, J^∗(k, z, t) ≤ J^∗(k + 1, z, t).

Proof: If z ≥ Z, then J^∗(k, z, t) = J^∗(k + 1, z, t) = 0. Thus, the lemma follows. Let z < Z and J0(k, z, t) = 0 for every k ≤ K − 1, z < Z and t ≤ G − z. We show that for every l

J_l(k, z, t) ≤ J_l(k + 1, z, t) for all k, z, t. (26)

Thus, the lemma follows after taking limits as l goes to ∞ in (26).

Since J_l(K, z, t) = ∞ if z < Z for every l, (26) holds for l = 0. We assume that (26) holds for every l < L, and prove (26) for l = L. By induction hypothesis and (19),

JL,T (k + 1, z, t) ≥ V +

G−z−t�

t1=0

Pt,t_1 (z + t)JL−1(k + 1, z + t, t1)

= JL,T (k, z, t) (from (19)). (27)

JL,B (k + 1, z, t) ≥ X +

G−z�

t1=0

Pt,t_1 (z)JL−1(k, z, t1)

(by induction hypothesis and (20)).

= JL,B (k, z, t) (from (20)). (28) JL(k + 1, z, t) ≥ min{JL,T (k, z, t), JL,B (k, z, t)} (from (18), (27) and (28)).

= JL(k, z, t) (from (18)).

Lemma 5: Let k < K and z < Z. Then, m_{k,z} > 0.

Proof: From (16) and since V ≥ X

J^∗_T (k, z, 0) ≥ X +

G−z� t=0 P0,t(z)J^∗(k + 1, z, t)

≥ X +

G−z� t=0 P0,t(z)J^∗(k, z, t) (by Lemma 4)

= J^∗_B (k, z, 0) (from (17)).

Thus, from (8), 0 ∉ T_{k,z} for all k, z. The result follows.

Let S_{k,z} = {u : P0,u(z) > 0} if k > 0 and S0,z = {0, . . . , G}. Lemma 6: For any policy π, if J^π (k + 1, ^z, u) = J^∗(k + 1, ^z, u) for every ^z and u ∈ S_{k+1,}^_z , then for every z < Z and t ≤ G − z

J^π_T (k, z, t) = J^∗_T (k, z, t).

Proof: Note that J^π_T (k, z, t) = V +

�_{G−z−t}

u=0 P0,u(z +t)J^π (k + 1, z + t, u). Thus, the result follows from the condition given in the Lemma and (16).

Now we define some additional notations. Let A(z) = {0, . . . , G− z}. Note that A(z) is the state space of aggregate readiness process of G − z receivers. Consider a set A ⊆ A(z). Let rv,u(A) denote the probability that the first state visited in A is u starting from state v in the aggregate readiness process of G − z receivers. Also, let xv (A) denote the product of X and the expected number of sample points required to reach any of the states u ∈ A for the first time starting from state v in the aggregate readiness process of G − z receivers.

Any policy needs to transmit at least once more from a state (k, z, t) for k < K, z < Z. Hence, if k < K, z < Z,

J^∗(k, z, t)

= min

A⊆A(z) � xt(A) + � u∈A rt,u(A)J^∗_T (k, z, u) � , (29)

= xt(T_{k,z} ) + � u∈Tk,z

rt,u(T_{k,z})J^∗_T (k, z, u). (30)

Lemma 7: Let the aggregate readiness process of the unsatisfied receivers be a BD process and z < Z, k < K, t ≤ m_{k,z}.

J^{π∗} (k, z, t) = st,m_{k,z} (z) + J^{π∗}_T (k, z, m_{k,z}), (31)

= min_{u≥t} � st,u(z) + J^{π∗}_T (k, z, u) � . (32)

Proof: Since the aggregate readiness process of unsatisfied receivers is BD and t ≤ m_{k,z},

xt(T_{k,z}) = st,m_{k,z} (z) and rt,u(T_{k,z}) = 1 for u = m_{k,z} = 0 o.w..

Now, (31) follows from (30).

From (31), since m_{k,z} ≥ t, J^{π∗} (k, z, t) ≥ min_{u≥t} � st,u(z) + J^{π∗}_T (k, z, u) � . From (29), J^{π∗} (k, z, t) ≤ min_{u≥t} � st,u(z) + J^{π∗}_T (k, z, u) � . Thus (32) follows.

Corollary 2: Let the aggregate readiness process of the unsatisfied receivers be a BD process. Then, if 0 < k < K, z < Z and t ∈ S_{k,z},

J^{π∗} (k, z, t) = st,m_{k,z} (z) + J^{π∗}_T (k, z, m_{k,z}), (33)

= min_{u≥1} � st,u(z) + J^{π∗}_T (k, z, u) � . (34)

Proof: Since the aggregate readiness process of unsatisfied receivers is a BD process, S_{k,z} = {0, 1} for every k > 0 and z < Z. Thus, by Lemma 5, t ≤ m_{k,z} . Thus, (33) follows from Lemma 7. Using similar arguments as in the proof of (32) from (31), it can be shown that (34) follows from (33).

B. Proof of Theorem 2

Proof: Let ^J^∗(k, z, t) be as defined in Figure 7. We show that for every k ≤ K − 1, z and t ∈ S_{k,z},

^J^∗(k, z, t) = J^{π1 (K,Z)}(k, z, t) = J^{π∗} (k, z, t). (35)

Let z ≥ Z. Clearly, J^π (k, z, t) = J^{π∗} (k, z, t) = 0, for every π. Thus, (35) follows from (C1) in Figure 7. Thus, henceforth, we consider the case z < Z. Also, when K = 1, clearly π(K, Z) is optimal. Thus, henceforth, we consider the case K > 1.

By (C1) and (C2) in Figure 7, clearly, ^J^∗(K − 1, z, t) = J^{π1 (K,Z)}(K − 1, z, t). Now, from Corollary 1, mK−1,z = Z − z.

Moreover, for k > 0, S_{k,z} = {0, 1} since the aggregate readiness process is a BD process. Hence, for any t ∈ SK−1,z , t ≤ Z −z. Thus, π^∗ will transmit when Z − z unsatisfied receivers are ready. From (C2) in Figure 7, clearly, π1(K, Z) also transmits only when Z −z unsatisfied receivers are ready. Thus, (35) holds.

We assume that (35) holds for all ^k ∈ {K − 1, . . . , k + 1}, and prove (35) for k. First, for any policy π and z < Z,

J^π_T (k, z, t) = V +(1−α0(z))J^π (k+1, z+t, 1)+α0(z)J^π (k+1, z+t, 0). (36) We first consider k ≥ 1. From (C0) in Figure 7, (36), Lemma 6 and the induction hypothesis, for every u

^J^∗_T (k, z, u) = J^{π1 (K,Z)}_T (k, z, u) = J^{π∗}_T (k, z, u). (37)

Now, J^{π1 (K,Z)}(k, z, t) = s_{t,τ (k,z)}(z) + J^{π1 (K,Z)}_T (k, z, τ (k, z)). (38) Thus, from (C4), (C5), (37) and (38), for every t ∈ S_{k,z},

^J^∗(k, z, t) = J^{π1 (K,Z)}(k, z, t). (39)

Now, for every t ∈ S_{k,z} ,

J^{π1 (K,Z)}(k, z, t)

= s_{t,τ (k,z)}(z) + ^J^∗_T (k, z, τ (k, z)) (from (37) and (38))

= st,1(z) + s_{1,τ (k,z)}(z) + ^J^∗_T (k, z, τ (k, z)) (since τ (k, z) ≥ 1).

= st,1(z) + min_{1≤u≤Z−z} � s1,u(z) + ^J^∗_T (k, z, u) � (by (C3) in Figure 7)

= min

1≤u≤Z−z � st,u(z) + J^{π∗}_T (k, z, u) � (by (37)). (40)

Now, we show that for every u > Z − z and t ∈ S_{k,z}

st,Z−z (z) + J^{π∗}_T (k, z, Z − z) ≤ st,u(z) + J^{π∗}_T (k, z, u). (41)

Since t ∈ S_{k,z}, t ≤ Z − z. Since aggregate readiness process of the unsatisfied receivers is a BD process, for every u > Z − z,

st,u(z) = st,Z−z (z) + sZ−z,u(z), (42)

J^{π∗}_T (k, z, u) = J^{π∗}_T (k, z, Z − z) = V (from (24)). (43)

Now, (41) follows from (42) and (43). Thus, from (40) and (41)

J^{π1 (K,Z)}(k, z, t) = min_{u≥1} � st,u(z) + J^{π∗}_T (k, z, u) �

= J^{π∗} (k, z, t) (by Corollary 2). (44)

Thus, from (39) and (44), (35) hold for k ≥ 1.

Now, we prove (35) for k = 0. Thus, from (C0) in Figure 7, (36), Lemma 6 and the induction hypothesis, for every u

^J^∗_T (0, 0, u) = J^{π1}_T (0, 0, u) = J^{π∗}_T (0, 0, u). (45)

We consider two cases. First, m0,0 ≥ t or t ∈ T0,0. Second, m0,0 < t and t ∉ T0,0. In the first case, similar to the proof in Lemma 7 it can be shown that

J^{π∗} (0, 0, t) = min_{u≥t} � st,u(z) + J^{π∗}_T (0, 0, u) � = J1(0, 0, t) (Figure 7) (by (45)). (46)

Now, in the second case, let m^1_{0,0} = maxu<t {u : u ∈ T0,0} , and m^2_{0,0} = minu>t {u : u ∈ T0,0} . Since the aggregate readiness process is a BD process, and π^∗ transmits when the system reaches a state in T0,0, π^∗ will transmit in m^1_{0,0} or m^2_{0,0}. Thus, by (8),

J^{π∗} (0, 0, t) = s_{t,m}1_{0,0||m}2_{0,0} (0) + 2� u=1 r_{t,m}u_{0,0} J^{π∗}_T (0, 0, m^u_{0,0})

≥ min_{v1<t}

v2>t � s_{t,v1||v2} (0) + 2� u=1 rt,v_u J^{π∗}_T (0, 0, vu) �

= J2(0, 0, t) as defined in Figure 7 (by (45)).

From (29), J^{π∗} (0, 0, t) ≤ J2(0, 0, t). Thus,

J^{π∗} (0, 0, t) = J2(0, 0, t). (47)

If case 1 holds, then by (46) and (29), J1(0, 0, t) ≤ J2(0, 0, t). If case 2 holds, from (47) and (29), J1(0, 0, t) ≥ J2(0, 0, t). Thus, J^{π∗} (0, 0, t) = min{J1(0, 0, t), J2(0, 0, t)} for every t. Thus, (35) follows from (45), (C6) and (C7) in Figure 7. The result follows.

C. Proof for Theorem 3

Proof: We first show that the optimal policy is threshold type, i.e., if t ∈ T_{k,z} , then u ∈ T_{k,z} for every u ≥ t. Let J0,T (k, z, t) = J0,B (k, z, t) = 0 if k < K. We prove that for each iteration l, for every k ≤ K − 1, z < Z and t ≤ G − z (H1) if J_{l,T} (k, z, t) < J_{l,B} (k, z, t), then J_{l,T} (k, z, t + 1) < J_{l,B} (k, z, t + 1), (H2) J_l(k, z + 1, t) ≤ J_l(k, z, t), and (H3) J_l(k, z + 1, t − 1) ≤ J_l(k, z, t).

Clearly, (H1), (H2) and (H3) hold for l = 0. We assume that (H1), (H2), and (H3) hold till the l^{th} iteration, and prove these in the l + 1^{th} iteration.

Let pi(z) be the probability that i out of G − z unsatisfied receivers are ready. Then,

J_{l+1,B} (k, z, t) = X +

G−z� i=0 pi(z)J_l(k, z, i) (by (20))

= J_{l+1,B} (k, z, t + 1). (48)

From (19), J_{l+1,T} (k, z, t + 1)

= V +

G−z−t−1 � i=0 pi(z + t + 1)J_l(k+1, z+t+1, i).(49)

Now, J_{l+1,T} (k, z, t)

= V +

G−z−t�

i=0 pi(z + t)J_l(k + 1, z + t, i) (50)

= V +

G−z−t−1 � i=0 pi(z + t + 1)pJ_l(k + 1, z + t, i + 1)

+ G−z−t−1 � i=0 pi(z + t + 1)(1 − p)J_l(k + 1, z + t, i) (51)

(since the receiver readiness states are iid).

By induction hypotheses (H2) and (H3) and since 0 ≤ p ≤ 1,

J_l(k + 1, z + t + 1, i) ≤ pJ_l(k + 1, z + t, i + 1) + (1 − p)J_l(k + 1, z + t, i).(52)

From (49), (51) and (52),

J_{l+1,T} (k, z, t) ≥ J_{l+1,T} (k, z, t + 1). (53)

Similarly, it can be shown that

J_{l+1,B} (k, z + 1, t) ≤ J_{l+1,B} (k, z, t). (54)

Proof of statement (H1):

Let J_{l+1,T} (k, z, t) < J_{l+1,B} (k, z, t). Then, from (53),

J_{l+1,T} (k, z, t + 1) < J_{l+1,B} (k, z, t) = J_{l+1,B} (k, z, t + 1) (by (48)).

Thus (H1) holds for iteration l + 1.

Proof of statement (H2): From (50),

J_{l+1,T} (k, z + 1, t) = J_{l+1,T} (k, z, t + 1). (55)

Thus, from (53), J_{l+1,T} (k, z + 1, t) ≤ J_{l+1,T} (k, z, t). Then, (H2) follows from (18) and (54).

Proof of statement (H3): From (48) and (54), J_{l+1,B} (k, z + 1, t − 1) ≤ J_{l+1,B} (k, z, t). From (55), J_{l+1,T} (k, z + 1, t − 1) ≤ J_{l+1,T} (k, z, t). Then, (H3) follows from (18).

Thus, (H1), (H2) and (H3) hold for all l.

After taking limits as l goes to ∞ in (H1), it follows that the optimal policy is threshold type.

Now, we show that the algorithm in Figure 10 obtains a threshold that minimizes the expected termination time for every k ≤ K and z < Z. Let G^π (k, z) denote the expected time to terminate under a policy π after the k^{th} transmission and the subsequent backoff, if z receivers are satisfied after k transmissions.

We show that for every k ≤ K − 1 and z

G^∗(k, z) = G^{π∗} (k, z). (56)

Since G^∗(k, z) = G^{π2 (K,Z)}(k, z), (56) proves the optimality of π2(K, Z).

Note that if z ≥ Z, then G^∗(k, z) = G^{π∗} (k, z) = 0 for every k. Thus, (56) follows. Henceforth, we consider z < Z.

Let k = K −1. Clearly, π^∗ transmits when at least Z −z unsatisfied receivers are ready. Thus, G^{π∗} (K − 1, z) =^X^_{pZ−z} + V where {^pu} are as defined in Figure 10. Thus, (56) follows.

Now, we assume (56) for every ^k > k and show (56) for k. Clearly,

G^{π∗} (k, z) = X ^pm_{k,z}

+ V +

G−z−v�

v=mk,z

qm_{k,z} ,v (z + v)G^{π∗} (k + 1, z + v),

(57) where {qu,v (z)} are as defined in Figure 10. Now, from Lemmas 3 and 5, 0 < m_{k,z} ≤ Z − z. Thus, from (57),

G^{π∗} (k, z)

≥ min

1≤u≤Z−z � X ^pu + V +

G−z−v�

v=u qu,v (z + v)G^{π∗} (k + 1, z + v) � ,

= min

1≤u≤Z−z � X ^pu + V +

G−z−v�

v=u qu,v (z + v)G^∗(k + 1, z + v) � (58)

(from induction hypothesis).

Clearly, G^{π∗} (k, z) ≤ G^{π2(K,Z)}(k, z) = G^∗(k, z). Thus, G^{π∗} (k, z) = G^∗(k, z). The result follows.

PLACE PHOTO HERE

Prasanna Chaporkar Prasanna Chaporkar received B.E. in Electronics from Walchand College of Engineering, Sangli, India in 1996, M.S. in Faculty of Engineering from Indian Institute of Science, Bangalore, India in 2000, and Ph.D. from University of Pennsylvania in 2006. He is currently pursuing postdoctoral investigation at INRIA, Paris, France. His research interests are in resource allocation in communication networks, stochastic control and queueing theory.

PLACE PHOTO HERE

Saswati Sarkar Saswati Sarkar (S’98, M’00) received Master of Engineering in Electrical Communication Engineering from the Indian Institute of Science, Bangalore in 1996 and Phd in Electrical and Computer Engineering from University of Maryland, College Park in 2000. From 2000-2006, she has been an Assistant Professor in the department of Electrical and Systems Engineering in University of Pennsylvania. She is currently an Associate Professor in the department of Electrical and Systems Engineering in University of Pennsylvania. Her research interests are in resource allocation and performance analysis in communication networks. She received the motorola gold medal for the best masters student in the division of electrical sciences at the Indian Institute of Science and a National Science Foundation (NSF) Faculty Early Career Development Award in 2003. She has been an associate editor of of IEEE Transactions on Wireless Communications from 2001 to 2006.