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Abstract

We address the problem of attaining proportionally fair rates using Aloha protocols at the medium
access layer. We consider a wireless network where all nodes need not be in transmission ranges of
each other. We show how the attempt probabilities in Aloha protocols should be set so that the achieved
rates are globally proportionally fair. For both slotted and unslotted Aloha, we argue that each node can
compute its optimal attempt probability just by knowing some minimal information about the network

topology in its two-hop radius.

. INTRODUCTION

Medium access control algorithms are used in wireless networks to control access to a shared
wireless medium, and thereby reduce collisions, ensure high system throughput, and distribute
the available bandwidth fairly among the competing streams of traffic. We address the issue
of designing medium access protocols for attaining proportionally fair rates [2] in wireless net-
works. The problem of designing distributed access control for attaining fair rates in wireless
networks has not been adequately addressed. Tasstida$7] have proposed a centralized al-
gorithm for attaining max-min fairness in certain classes of networks. But centralized strategies
can not be used in large, dynamic ad-hoc networks. In another line of work, Nandagapal
[5] and Ozuguret al. [6] have proposed decentralized heuristic medium access strategies that
try to achieve some fairness objectives, but the authors did not prove the fairness properties of
these approaches.

The problem of fair rate control at the transport layer of wired networks has however been
extensively researched, e.g., [3], [4]. In this context, researchers have shown that globally fair
rates can be attained via distributed approaches based on convex programming. However, these

techniques can not be directly applied to wireless networks. This is because the rates attained
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by most wireless medium access control (MAC) protocols can only be indirectly controlled by
regulating the transmission probabilities or back-off window sizes. It is difficult to attain the
globally fair rates in wireless networks through a distributed approach as the feasible rate region
is a complex, non-convex and non-separable function of the attempt probabilities or back-off
window sizes. In contrast, distributed rate control algorithms have been developed for wired
networks, using the feature that the feasible rate region can be represented by a set of simple,
separable, convex constraints.

Since a wireless channel is shared by several users, distributed MAC protocols typically result
in some loss of bandwidth due to collisions. This bandwidth loss depends on the access protocol.
Thus, the feasible rate region depends on the protocol, and the feasible rate region for any
distributed protocol is a subset of that for the optimal centralized algorithm. Therefore, the fair
access control problem must be considered in the context of specific protocols. We study the fair
access control problem for Aloha protocols [1]. For both slotted and unslotted Aloha, we show
that globally proportionally fair rates can be attained if each node selects its attempt probability
appropriately. A node can compute its optimal attempt probability by knowing some minimal
information about the network topology in its two-hop neighborhood.

We consider proportional fairness as this notion has certain nice fairness properties [2]. More-
over, in Aloha networks, the optimization problem for attaining proportional fairness is convex
and separable, which allows us to develop computationally simple algorithms for attaining the
optimal rates. The extension of our results to other fairness metrics remains an open question.
The fair access control problem for more complex protocols like Carrier Sense Multiple Access
(CSMA) also remains an open question. We believe that our results for attaining proportionally

fair rates using Aloha would provide insights for designing the optimal access control strategies
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for other protocols and other fairness metrics.

We consider fair allocation of bandwidth at the MAC layer. Since the MAC layer is asso-
ciated with packet delivery over a single link (or hop), we consider the fairness issues only at
a link level. The network and transport layers are associated with end-to-end packet delivery,
and therefore, end-to-end fairness questions would involve these higher layers as well. Fair al-
location of end-to-end bandwidth will require cross-layer optimizations involving the network
and MAC layers, or the transport, network and MAC layers. To achieve this, several different
research problems must be solved: (a) optimizing the attempt rates at each hop for multihop ses-
sions, (b) appropriately deciding the routes, and (c) optimizing the parameters of the transport
layer protocols. These are beyond the scope of this paper. However, the analytical framework
we develop for MAC layer fairness provides the first step in that direction.

The paper is organized as follows. In Section II, we describe our system model. In Sections Il
and IV, we show how to attain proportionally fair rates for slotted and unslotted aloha protocols

respectively. We present all proofs in the appendix.

Il. SYSTEM MODEL

We consider a general wireless network, where all nodes need not be in transmission ranges of
each other. For simplicity, we assume symmetric transmission, i.e., a roashereceive signal
from a nodej if and only if nodej can receive signal from node However, our analysis can
be generalized to the case when this assumption does not hold. Now, a wireless network can
be modeled as an undirected gragh= (N, L), whereN and L respectively denote the set of
nodes and the set of undirected links, and a link exists between two nodes if and only if they

can receive each other’s signals. A directed edgg represents an active communication pair,
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and E is the set of directed edges. Note that there2afé possible communication pairs, but
only a few pairs may be actively communicating. Every eftigg) € F is always backlogged,
i.e., node; always has packets to send to ngddeach node is involved in at least one active
communication, i.e., there exists sorhsuch that eithe(, j) or (j,) is in E. Without loss of
generality, capacity of each channelianit.

For any node, the set of’s neighbors K; = {j : (i,7) € L}, represents the set of nodes that
can receive’s signals. For any nodg the set obut-neighbor®ofi, O; = {j : (i,j) € E} C K,
represents the set of neighbors to whidh sending traffic. Also, for any node the set ofin-
neighborsof ¢, I; = {j : (j,i) € E} C K,, represents the set of neighbors from whidl
receiving traffic. A transmission from nodeeaches all of's neighbors. Each node has a single
transceiver. Thus, a node can not transmit and receive simultaneously. We do not assume any
capture, i.e., nodgcan not receive any packet successfully if more than one of its neighbors are
transmitting simultaneously. Therefore, a transmission on édge € E is successful if and

only if no node ink; U {j} \ {¢} transmits during the transmission @n;).

1. FAIR MEDIUM ACCESSCONTROL IN SLOTTED ALOHA

We first formulate the fair rate allocation problem for slotted Aloha as an optimization prob-

lem, and then provide a policy that achieves globally fair rates using only local information.

A. Problem Formulation

In slotted Aloha, time is divided into fixed-length slots, the length of a slot being equal to the
transmission time of a packet. We first derive the throughput expressions in slotted Aloha. In
each slot, each noddransmits a packet with probabili#y.. If ; does not have an outgoing edge,
i.e.,0; = ¢, thenP, = 0. Oncei decides to transmit in a slot, it selects a destinafienO; with
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5
probabilityp; ;) / P;, wherey ;... pi.j) = Fi. Therefore, in each slot, a packet is transmitted on
edge(z, j) with probabilityp; ;). Letp = (p., e € E) be the vector of transmission probabilities
on all edges. Then, the throughput or the successful data rate or edge j), x., is (see [1]

(Section 4.6.2))

i) = pay 1—PF) I 1—-P). (1)
kGKj\{i}

In the above expression, ¥, = ¢ for anyk € N, then the termP, should be interpreted as
zero. In (1), the ternfl — P;) [Trex,\ (i3 (1 — Px) is the probability that a packet transmitted on
edge(i, j) is successfully received gt The attempt probability vectop” = (p},e € E), that

attains proportionally fair rates is given by

p* = arg max Zlog z.(p)) (2)

0<pe<le€E !

where thex.(p) are given by (1). As in the rest of the paper, thg function in the above

expression is a natural logarithm.

B. Optimal Attempt Probabilities

Theorem 1:The optimal attempt probability on any ed@ej) € E, pj; ;, as defined by (2),
is given by ]

p*'L : - . 3
= TE[+ Sher, 1 )

Clearly,pj; ;) > 0, V(i, j)

| > 104,

Since (i, j) | > 1, implying pf; ;) < 1,
V(i,j) € E. Also, the optimum transmission probability for each node" = 3.; jiep P{; ;) =
% Clearly, P} > 0 for each nodé. SinceY ., | 1| > |O;|, P < 1. Thus,P; and

p(; ;) are valid probability measures.
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A node can decide its optimal attempt probability only if it knows the number of its in-
neighbors and the number of its neighbors’ in-neighbors. A node can determine the latter as
follows. When the network is formed, or when the network topology changes due to the joining,
leaving or movement of nodes, each node broadcasts the number of its in-neighbors to all nodes
in its transmission range. This incurs a small additional information exchange.

Now consider the special case in which all nodes are in each other’s transmission range, and
therefore, at most one node can send data successfully at any time.nbeles send packets
to a single destination node. From Theorem 1, the optimal attempt probabilities in each of the
n edges ist, and from (1), the system throughput for proportionally fair rated is- )1
As n approachesc, the system throughput for proportionally fair rates becorines 37%,
which equals the maximum system throughput attained for any choice of attempt probabilities

in slotted Aloha in this network [1].

IV. FAIR MEDIUM ACCESSCONTROL IN UNSLOTTED ALOHA

We first state the assumptions and derive the throughput expressions. We then show how the

optimal attempt rates can be computed using local information.

A. Problem Formulation

In unslotted Aloha, there are no slots, and a node can transmit a packet at any time. We
assume that each packet has a fixed transmissionTim&e assume that transmission attempts
by a node are carried out independently of the transmissions of all other nodes.

We classify the nodes in two sed§ and N \ N', where N’ = {i : Yicx,o0 k| = [O4] }-
Consider a node € N’'. Refer to Figure 1. Sinc®; C Ugcg, Iy, it follows that: i) |;| = 0,
i.e., i does not have any in-neighbor, andi).c x, | /x| = |O;l, i.e., none of’s neighbors have
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Fig. 1. Anexample network. (Nodes 1 and 7 belong\tq and all other nodes belong #6 \ N'. The bold lines represent the

(directed) edges, and the other lines represent the (undirected) links where there are no edges.)

any in-neighbor other than Therefore, node’s transmission does not reach the receiver of
any other transmitting node. Moreover, by our assumptisriransmission does not affect the
transmission attempts by any other node. Therefore, Wedeansmission can not reduce the
throughput of any other node. Moreover, note that the throughput of hode not decrease
as the transmission rate of nodicreases. Since the global fairness objective is an increasing
(more specifically, logarithmic, as explained below) function of the throughputs, it follows that
to achieve the desired fairness objective, nodeust transmit all the time. In other words,
as soon as nodefinishes transmitting a packet, it begins transmitting the next packet. Since
node: must be involved in at least one active communication (by assumption)l; aady, it
follows thatO; # ¢. Before transmitting each packet, nodselects a destinatione O; with
probability q; j), whereX" .o, qi;) = 1. Letg = (q(i,j),z' e N, (i,7) € E) denote the vector
of attempt probabilities on edges originating from the nodes’in

Consider a nodée € N \ N’'. Refer to Figure 1. Nodés transmissions interfere with trans-
missions to nodeéor to any of node’s neighbors. Note that either nodbas some in-neighbor,
or at least one of nodés neighbors has some in-neighbor. Therefore, for fair allocation of

rates,: should not always transmit packets. ilhas any out-neighbor, i.eQ; # ¢, we as-
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sume that; attempts to transmit as per a Poisson process withxatd O; = ¢, i never
transmits. Once attempts to transmit a packet, it selects a destinatian O; with proba-
bility % whereX o, \ij) = Ai. Therefore, transmission attempts @n;) are generated
according to a Poisson process with ratg;). Thus,)\; ;) can be viewed as the attempt rate in
edge(i,7), 7 € N\ N'.If i is already transmitting when the transmission attempt is generated
(according to the Poisson process), then the new transmission attempt is ignored. Otherwise,
1 transmits, even if it was receiving a packet at that instant. This assumption of “transmis-
sion takes precedence over reception” has been used by previous researchers as well [8]. Let
A= (/\(m% (i,7) € E,i € N\ N’) denote the vector of attempt rates in edges originating from
nodes inV \ N'.

The following lemma shows how the throughput or the successful data rate on an edge de-

pends on the attempt vectdy, A). In Lemma 2 and its proof, i, = ¢ for anyk € N, then
the term); should be interpreted as zero.

Lemma 2:The throughput on edge, j), = ;. is

q(i,5 _TZ SU{N\{i Ak 1 e .
N (q )\) q(i,(j)]-:je ke K ;U{j}\{i} erKjU{j}\{i} v if i ¢ N/, (4)
@H\L4A) =
T er.upgi) .
TAgje 9N T e oy v otherwise.,

Tobagiet al[8] computed the throughputs for unslotted Aloha protocol when each node attempts
transmission according to a Poisson process, and the packet sizes are exponentially distributed.

The attempt vectofg*, A"), that attains the proportionally fair rates, is given by

(¢, A") = arg max Z log (:zs(m) (Q,A)), (5)
96.0)29) 50, 1) =LEN (i e
M) 204€N\N',(i,j)€E

wherex; ;) are given in Lemma 2.
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B. Optimal Attempt Vector

Theorem 3:The optimal attempt vectofg*, "), as defined by (5), is given ky, ;= 1/]104],

i€ N, (i,j) € E,andXj, ;) = A[/[|Oi],i € N\ N', (i, j) € E, where

|04
\/1 ZkEK u{}| x| =104 -1

,ie N\ N.

Consider anode € N'. Recall thatO; # ¢. Clearly,qj; ;) > 0, ¢; ;) < 1, and¥je0, q(; 5 = 1.
Consider a nodeé € N \ N'. SinceY,cx,upy Ikl # 10il, Zrer,opiy Ikl > 104, asO; C
Urek,u(i |1k, for all 7. Thus, the optimal attempt vector is well-defined.

Similar to the slotted Aloha case, a node can set its attempt vector optimally if it knows the
number of its in-neighbors and out-neighbors, and the number of in-neighbors of its neighbors.
It can obtain this knowledge by exchanging information with its neighbors.

Now consider the special case in which all nodes are in each other’s transmission range, and
therefore, at most one node can send data successfully at any timenaeés send packets to a
single destination node. Her®, = ¢. From Theorem 3, the optimal attempt rates in each of the

nedgesisi(,/1+ -5 —1) = m for largen. Now, from Lemma 2, the system throughput

1
(1+2(%71)

become% ~ 18%, which equals the maximum system throughput attained for any choice of

X T Asn approacheso, the system throughput for proportionally fair rates

S 3Vetn—T)

attempt rates in unslotted Aloha in this network [1].
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APPENDIX

Proof of Theorem 1: Let U(p) = maxo<p, <1 >ccr 10g(zc(p)). Then
Ulp) = > | logpay) +log(l—P)+ > log(1-F) | . (6)
(i,§)EE keK;\{i}
Note thatlog(p(; ;) is a strictly concave function of;; ;. Also, for anyw € N, log(1 — P,) =
log(1 — X reo, Paw,k)) IS @ strictly concave function dp ., x), k € O,,). Thus,U(p) is a strictly
concave function op. Therefore,U(p) has a unique global maximum, which is obtained at

p* = (pi,e € E), where VU (p)

— i ou
» = 0. Using o

P LA 0, Py = 2reo., P(wk) forallw € N,

(6), and some algebraic manipulation, we obtain,

1— P

= V(i,j) € F, 7
i = T+ Seer =107 ) (7)

whereP; = Y co, p(; ;- Selectany € N. From (7), it follows thapy; , = P;/|0s| Vj € O;.

Now, using (7), we obtain?; /(1 — P;") = |O;|/(|Li| + Xrex, |1k — |0s]). Thus, (3) follows.
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Proof of Lemma 2: Consider an edgg, j) € E. A transmission attempt for eddé j) gener-
ated at time instant leads to a successful packet transmission if i) nodenot already trans-
mitting at timet, ii) none of the nodes € K; U {j} \ {4} transmit during the intervat, t + 7).
Condition i) is necessary because if nade already transmitting at timg then it ignores the
newly generated transmission attempt. Since transmission takes precedence over réteption,
transmission is independent of any other transmission in the network; note that the success of a
transmission depends on other transmissions though.

Consider a node € N \ N’. We show that the probability thatis not transmitting at an
arbitrary timet, Pim, is equal toA:ﬁT Recall that attempts to transmit according to a Poisson
process with raté;. Node:’s packet transmissions can be modeled as a renewal process [9].
The renewal epochs are the epochgfransmission attempts that lead to packet transmissions;
the transmissions may or may not collide with other transmissions. Recall thi &#lready
transmitting at the epoch of a transmission attempt, it ignores the attempt. The time interval
between two renewal epochs is the sum of the duration of a transmission and the subsequent
wait time before a new attempt is generated. Using the memoryless property of exponential
inter-attempt times, the expected time interval between two renewal epdEhs 15 )\;. Nodei
transmits for the first” units of time in each renewal period. From renewal-reward theorem [9],
the probability that is transmitting at an arbitrary times ﬁ Thus,PZ.(l) = ﬁ

Note that for each{s,j) € E, K; U {j} \ {i} € N\ N'. This can be inferred from the
observation that no transmission from a node\Vincollides with a transmission from another
node, but transmission from nodesfi U {;j} \ {i} collides with a transmission ofd, j).

Consider an edgé, j) € E. Let P((f;) = P(nodes k € K; U{j} \ {i} donot transmit in

interval (¢,t+7)). SinceK;U{j} C N\N’, eachnod& € K;U{j}\{:} attempts transmission
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as per a Poisson process. Now,

P

i) = P(noneofthenodesk € K;U{j}\ {i} attempt to transmit during (t,t + T)|
none of the nodes k € K; U {j} \ {i} are transmitting at t)

x P(none of the nodes k € K; U {j} \ {i} are transmitting at t)

_ 6_TZkGKju{j}\{i} M « H Pk(;l)

ke U{H\ i}
= @_Tzkekju{j}\{i} Mo H 1 .
ver,uiing LT T

Now we compute the expression for the throughput on gdge wherei € N’. Recall
thati always transmits a packet. For each transmissige)ects destination with probability
q(,j)- Transmissions ol j) can be modelled as a renewal process [9]. The renewal epochs
are the epochs of the start of transmissiong o). The time interval between two renewal
epochs is the sum of the duration of a transmission and the subsequent wait time before a new
transmission ori, j). The first term equal§’, and the second term equald’, where Z is
a geometrically distributed random variable with success probabhility. Thus, the expected
time interval between two renewal epochdis- 7'/q; ;). Node: transmits for” units of time
on edge(i, j) at the start of each renewal period. The transmission is successful if no node
in K; U {5} \ {i} transmits during the transmission ¢nj). Thus,:'s average duration of
successful transmission in a renewal interval'ix P((fj).). From renewal-reward theorem [9],
the throughput on edge, j) is T' x P((fj).)/(T +T'/q.,5))- The expression for the throughput on
edge(i, j) follows using the expression fd?(%).).

Now, calculate the throughput on ed@ej), wherei € N \ N’. Recall that(i, j) attempts to
transmit according to a Poisson process with pafe). Now, using PASTA, the throughput in
edge(i,j) iszu,; = Thuy x P x P). The expression for the throughput in edge))
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follows using the expressions & andP).  §

Proof of Theorem 3: Using Lemma 2, the objective function of (8)¢, A) can be written as

Vg, A) = Vi(q) + Va(A), whereVi(¢) andV, () are defined as

Vi) = 3 3 log 0 €)

iEN’ j€O; 1+ 4, J)

B = 3 ((Zlog(m(i,j))) —T/\i(( 3 }IM) —|0i|>

1EN\N' JEO; ke K;U{i

- ( > |]k|> log (1 +T/\i)) : 9)

kEKiU{i}

Here,Vi(q) andV,(A) consist of the terms il (¢, A) that depend o and )\ respectively. It is
easy to show that under the constraifis o, qi;) = 1,qu,5) > 0,7 € N',(4,7) € E, Vi(q) is
maximized wheny; ;) = g for eachj, k € O; and each € N'. Since);co, quj) = 1, it
follows thatqy; ;) = 1/]0;|.

Now let us considel;()), and see how it can be maximized over;) > 0. Note thatlz())

is not concave ovex > 0. Let \* be a local optimum of,()). Then, V5 ()

» = 0. Consider

anyi € N\ N'. Then for anyj € O;, by settlngaa"2

» = 01in(9), we obtain

1
TAG

10)
> kex,ugiy Ml ’ (
=R + Zhexog | Ikl — 104

where X! = 3 ,c0, A(; ;- From (10), it follows that\j; ;) = A;/|O;] Vj € O;. Now, using

(10), we obtainT\; = |0;|/ <Z"€““”k + keriogy Mkl — \Oi]). Solving for A} in this

1+TA;

(o]

local optimum, given byA\*. By computingV2V5()\)

quadratic equation, we obtak] = }\/1 + — 1. Thus,V4()) has a unique

)+, it can be verified thah™ is a local
maximum. Now,V,()) approaches-oo at the boundaries of the region, i.e., when any;
approaches 0 ax. Therefore, the global maximum &f()\) over A > 0 is attained ai*. The

result follows. g
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