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In a dependent type theory with f-equivalence as its equational theory, the confluence of untyped reduction
and termination immediately give us a proof of the decidability of type conversion, where the decision
procedure for convertibility simply checks the equality of the f-normal forms of its inputs. This technique
is not available in the presence of surjective pairing (i.e. the n-law for pairs) because fn-reduction is not
confluent. In this work, we show that by adopting established syntactic techniques, we can resolve the issue
with confluence caused by surjective pairing, and recover a confluence-based proof of decidability of type
conversion. Compared to existing proof developments, which rely on semantic tools such as Kripke-style
logical relations, our proof modularly composes a minimal semantic proof of untyped normalization and a
syntactic proof of decidability. This modularity enables us to explore algorithmic conversion through syntactic
methods without modifying the minimal semantic proof. We have fully mechanized our results using the Rocq
theorem prover.
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1 Introduction

A prerequisite to implementing a type checker for a dependent type theory is a decision procedure
for type conversion. However, finding such an algorithm is nontrivial; the type theories’ specification
of definitional equality often does not directly induce an algorithm, due to the rules such as
symmetry and transitivity. Furthermore, not only do we want an algorithm, but we also want
to know that it is correct, i.e. we want to prove that it is sound and complete with respect to
definitional equality. By mechanizing such a correctness proof in a proof assistant, we can extract a
certified conversion routine and have the highest level of assurance in our implementation.
Designers and implementors of existing type theories take various approaches to this problem.
When definitional equality is defined as untyped p-equivalence, the confluence of untyped f-
reduction gives us a reliable formula for both finding algorithms and reasoning about them. To
test the f-equivalence of two terms, confluence says it suffices to find a common term that both
inputs reduce to through any reduction strategy. As a result, we obtain a class of algorithms that
reduce their inputs to f-normal forms and then compare for a-equivalence. Confluence justifies this
reduce-and-compare algorithm by showing that it is in fact transitive and forms an equivalence
relation, from which its soundness and completeness immediately follow. To prove that these
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algorithms terminate, and thus that conversion is decidable, we can use a logical predicate [Girard
et al. 1989] to show that reduction always terminates for well-typed terms.

We can also use the confluence-based method for type theories that use typed f-equivalence
for conversion. Adams [2006] and Siles and Herbelin [2012] show the equivalence between pure
type systems [Barendregt 1991] that use untyped and typed f-equality. Thus, we can transport
decidability results for a system with untyped definitional equality to its equivalent system with
typed definitional equality.

However, challenges arise when definitional equality includes of the following n-laws, especially
the pair -law, also known as surjective pairing. Here, we use (a, b) to represent a pair formed by
the terms a and b, and use 1, 7, to represent the first and second projections.

PE-ArPETA
x ¢ freevar(a) PE-PAIRETA
Ax.ax>y a (m a,mya) >, a

While confluence holds for Curry-style systems that include the function n-law (PE-ApPETA),
surjective pairing (PE-PAIRETA) breaks confluence for both Curry and Church-style systems [Baren-
dregt 1993; Geuvers 1993; Klop and de Vrijer 1989; Lennon-Bertrand 2022]. Without confluence, we
are unable to justify the correctness of the reduce-and-compare algorithm.

Furthermore, n-reduction for pairs is not type preserving [Abel and Coquand 2007], making it
difficult to show the equivalence between systems with typed fn-equality and untyped pn-equality.
Because typed definitional equality only relates well-typed terms, it is more restrictive than untyped
equality. In particular, in the transitivity rule, to derive A = C from A = B and B = C, typed equality
also requires that the intermediate type B be well-typed. However, without type preservation, it is
not obvious how the untyped algorithm that compares fn-normal forms is sound with respect to a
typed definitional equality, as the fn-reduction sequence to the normal form may contain ill-typed
terms.

These technical issues are unfortunate because the pair -law is important for the expressiveness
of the type system! In theorem provers, the n-law for pairs generalizes to the n-laws for non-empty
dependent records, allowing us to type-check more terms.

One way of resolving the confluence problem is to treat 5-laws as expansion rules. However,
doing so requires either working with typed terms [Akama 1993; Di Cosmo and Kesner 1994; Jay
and Ghani 1995], or extending the system with additional f-rules to cope with stuck terms in an
untyped setting [Stevring 2006].

In this work, we instead resolve the issues associated with untyped n-reduction and show that
reduce-and-compare algorithms with n-laws for functions and pairs correctly implement type
conversion. Our key observation is that fn-reduction with the function n-law and surjective pairing
is confluent on an inductively defined set of strongly normalizing terms (originally defined by
Van Raamsdonk and Severi [1995] and denoted as SN). By applying the SN-method of Joachimski
and Matthes [2003] to formulate our logical predicate, we can prove that all well-typed terms are
in the SN set, allowing us to directly show the completeness of reduce-and-compare algorithms.

To show the soundness of any reduce-and-compare algorithm, we adopt the syntactic technique
of Goguen [2005] and introduce Coquand’s untyped conversion algorithm [Coquand 1991] as an
intermediate step. Goguen shows that Coquand’s algorithm, which performs n-expansion based on
the shape of the terms, can be justified syntactically by confluence and subject reduction without
relying on a logical relation. The shape-based 5-expansion is type-preserving and therefore enables
us to give a direct proof of its soundness with respect to the typed convertibility. By further
proving the completeness of Coquand’s algorithm with respect to the untyped reduce-and-compare
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algorithm, we fully establish the equivalence between the typed convertibility, Coquand’s algorithm,
and the untyped reduce-and-compare algorithm.

Why yet another decidability proof of type conversion? To motivate our confluence-based algo-
rithms, we start by reviewing the state-of-the-art proof techniques for the decidability of conversion.

Abel and Coquand [2007] and later efforts by Abel et al. [2017]; Abel and Scherer [2012] and Adjed;
et al. [2024], prove the decidability of type conversion by interpreting types as partial equivalence
relations (PER). Instead of modeling the definitional equality with untyped fn-reduction, this
approach models definitional equality using PERs. The extensionality properties of the PER model
justifies the p-laws for functions and products as expansion rules. This approach not only side-steps
the confluence issue of n-laws as reduction rules, but also works in situations where untyped
Pn-reduction cannot model definitional equality (e.g. the inclusion of n-laws for singleton types).
However, the power of the PER model comes at a cost. Regardless of whether the algorithm being
justified is typed [Abel and Scherer 2012; Harper and Pfenning 2005] or untyped [Abel and Coquand
2007], the PER method can only be carried out on type systems with a typed definitional equality. For
systems that do not have an equivalent form with a typed definitional equality, such as ICC [Barras
and Bernardo 2008; Miquel 2001], DDC [Choudhury et al. 2022], and DCOI [Liu et al. 2024b], this
approach is not applicable.

Coquand [2019], Altenkirch and Kaposi [2016], and the more recent synthetic method by Sterling
and Angiuli [2021] prove the decidability of type conversion by working with an algebraic structure
where syntactic terms are quotiented by definitional equality. The algebraic approach completely
eschews the notion of reduction and proves the correctness of the normalization by evaluation
(NDbE) algorithm [Berger et al. 1998] without reasoning about reduction at all. Similar to the PER
approach, the algebraic reduction-free approach does not rely on the confluence of fn-reduction,
but shares the limitation that the object language must have a typed definitional equality. While
the reduction-free approach leads to a simple proof on paper, it remains difficult to carry it out in
existing intensional theorem provers [Adjed;j et al. 2024].

Despite the many advantages of the PER method and the algebraic reduction-free method, we
believe the confluence-based proof is appealing for the following reasons. First, we can directly
apply the confluence-based method to a system with an untyped definitional equality without
taking a detour to typed definitional equality. Avoiding such detours not only leads to simpler
proofs, but is also necessary for systems that are not known to be compatible with typed equality.

Second, because the confluence result is untyped, we can reuse it across multiple different type
systems. The presence of expressive type system features such as large eliminations, subtyping, or
inductive datatypes is independent of our methodology.

Finally, the confluence-based method leads to a modular proof consisting of a minimal, localized
semantic proof of normalization, and a purely syntactic proof of decidability parameterized by
confluence and normalization. The clean decoupling between the semantic and syntactic arguments
allows us to mechanize more of the decidability proof in a weak metatheory by assuming only
normalization, an approach that has been used in the MetaRocq project [Sozeau et al. 2025].

We have mechanized all of the results of this paper using the Rocq proof assistant [The Rocq
Development Team 2025] and the proof development is available in the supplementary material. By
leveraging the method of encoding general recursion by Bove and Capretta [2005], we can extract
the verified conversion checker as an executable OCaml program [Adjedj et al. 2024; Jang et al.
2025].

The structure of our proof scripts supports our claim about its modularity and reusability. The
entire development has approximately 10,000 LoC. The logical predicate, which is used to prove
normalization, consists of 1,500 LoC (15% of the total). In contrast, the logical relations found
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in both Abel et al. [2017] and Wieczorek and Biernacki [2018] take up more than 50% of their
respective code bases. Our proof for fn-confluence and various other untyped injectivity properties,
all of which are agnostic to the type system, consists of 5,000 LoC (50%). The remaining proofs
are syntactic metatheoretic results of the type theory and syntactic proofs that relate Coquand’s
algorithm to fin-reduction. Experimenting with new variations of the conversion algorithm would
thus only require changes to the remaining 3,500 lines of syntactic proof that are specific to the
algorithm.

Our contributions. In this work, we analyze an expressive dependent type theory, called A™->Uit!,

that features large eliminations, a cumulative universe hierarchy with subtyping, and a typed
convertibility relation with n-laws for functions and dependent pairs. Section 2 presents the syntax
and typing specification of our object language and its basic syntactic results.

In Section 3, we prove the confluence of fn-reduction for SN and apply the SN-method in a
dependently typed setting to prove that every well-typed term is in SN using an untyped logical
predicate. The confluence result over SN allows us to model convertibility with untyped fn-
reduction and conclude the completeness of the reduce-and-compare algorithm with respect to the
definitional subtyping relation.

In Section 4, we introduce Coquand’s algorithm for type conversion extended with subtyping
and surjective pairing as bridge between the untyped reduce-and-compare algorithm and typed
definitional subtyping. Leveraging the fact that the y-expansion performed in Coquand’s algorithm
is type-preserving, we prove the soundness of Coquand’s algorithm with respect to the typed
definitional subtyping. We prove the completeness of Coquand’s algorithm with respect to untyped
Pn-equivalence using a termination metric adapted from Goguen [2005]. We are thus able to
conclude our decidability proof by showing that Coquand’s algorithm and the reduce-and-compare
algorithm (with well-typed inputs) are both equivalent to the typed convertibility relation.

While our object language, A™->ViN mostly resembles the core languages of intensional type
theories, there are a few subtleties in its design, which we discuss in Section 5. In particular, we
include type constructor injectivity rules as part of the subtyping relation (Section 5.1), and use of
Curry-style A-terms (Section 5.2) to simplify our proof development. In Section 5.1, we leave as part
of our future work to prove the admissibility of the injectivity rules and establish the equivalence
of our type system to a more standard representation without the injectivity rules. Due to our
inclusion of contravariant subtyping rules for functions, this equivalence result remains open.

Finally, we deepen our comparison to related systems in Section 6 and conclude in Section 7.

2 Specification of AT->Ust

Fue=-|T,x:A Typing contexts
ABC ab,c:= Terms
| x| U; variables, type universes
| Ix:A.B| Ax.b| ba function types, abstractions, applications

| 2x:A.B| (a,b) | mya| ma pairtypes, pairs, projections
Fig. 1. Grammar, excluding natural numbers

We start by presenting A->Uil | our dependently typed object language, including its grammar

and typing rules (Figures 1 to 3). These rules specify what programs type check, but they do not
directly describe a type checking algorithm.

The language includes functions (Ax. a), dependent pairs (a, b) with projection operators (77 a
and 7, a), and a Russell-style infinite universe hierarchy ({;). Function abstractions do not include
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(Context well-formedness)
WEF-Cons
Wr-NIL. FT TrA:U
[ FI,x:A
(ping)
Wrt-P1 WrT-Aprp
WT-VAR ' A:U; WT-ABS Trb:1Ix:A. B
FT x:AeTl Ix:Avr B:U; I,x:Arb:B Tra:A
F'rx:A I'+Ix:A.B: U; I'Ax.b:IIx:A. B I'tba: Bla/x]
Wrt-S16 WT-PAIR
Wr-UNIV I'+A:U; F'ta:A T'+b:Bla/x] WT-PrOJ1
FT I,x:A+rB:U; T'+23x:A.B:U; I'ta:>x:A.B
't U;: Uiy I'r2x:A.B:U; I't(ab):2x:A. B T'rma:A
WrTt-Proj2 Wt-Conv
I'ta:2x:A.B F'ra:A T'rA<B
T+ mya: Blm a/x] T'+ta:B

Fig. 2. Typing rules

type annotations; we discuss in Section 5.2 our proofs can be easily adapted to a Church-style
system.

The language in our mechanized proofs also includes natural numbers with an induction principle,
but we omit these forms from the text. We include natural numbers in our development to provide
an observable infinite data type so our language supports large eliminations. Furthermore, natural
numbers help us ensure that our proof techniques are compatible with the addition of positive types
(i.e. types with pattern-matching as their elimination forms). This addition leads to no surprises and
requires no special treatment during our development. The full set of rules that includes natural
numbers can be found in the supplementary material.

The AL>UViNtype system includes subtyping. Rule Wr-Conv refers to the definitional subtyping
relation I' + A < B, which is defined in Figure 3 along with the f5-rules for the definitional equality
I' + a = b: A The rules for equality are standard, except for the addition of the injectivity rules
L-P1Proj1 and L-P1Proj2 and the omitted counterpart for ¥ types. These rules simplify our proofs
and do not affect decidability; we discuss them further in Section 5.1.

This type system satisfies standard syntactic properties, such as weakening and substitution
(not shown). In addition, our mechanization includes proofs of the following. We can recover the
well-formedness of context from the mutually defined typing and conversion judgments.

LEMMA 2.1 (CONTEXT REGULARITY). IfT+a: A Tra=b:A 0orT+ A< B, thent+T.

In the presence of rule Wt-Conv, the inversion lemma is useful for recovering information about
a typing derivation.

LEMMA 2.2 (INVERSION (SELECTED)).

o IfT + Ax.a: C, then there exists some A and B such thatT + IIx:A.B< CandT,x:AVv a: B.
e IfT + ba : C, then there exists some A and B such thatT + b : IIx: A.B,T + a: A and
T+ Bla/x] < C.
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Equaty

E-Trans E-ABSExT
E-REFL E-Sym F'ta=b:A x¢T
FT'rFa:A T'tb=a:A Trb=c:A I'x:Arax=bx:B
F'ra=a:A F'ra=b:A Tra=c:A F'ta=b:1Ix:A. B
E-PAIREXT
F'tma=mb:A E-APPABS
I'tma=mb: Blm a/x] 'rb:A ILx:A+a:B
T'ta=b:3x:A.B '+ (Ax.a) b=a[b/x] : B[b/x]
E-ProjPAIRr1 E-ProjPAIR2
F'ta:A I'+ b:Bla/x] I'ta:A T'+b:Bla/x]
I'tm(ab)=a:A T'+m(a b) =b: Bla/x]
ubtyping
L-P1
L-TRANS L-Eq L-Untv 't A <A
THFA<B T+B<C 'rA=B:U,; T i<j I'x:Ay+ By < By
r'rA<cC 'rA<B 'rU; <U; 'k IIx:Ay. By <x:A;. By
L-Si6 L-P1Proj2
'k Ay <Ay L-P1Proj1 T'FIlx:Ag. By <IIx:A;1. By
Ix:A; + By < B I'F1IIx:Ag. By <IIx:A;. By F'ray=a: A
Tka:AO.BOSZx:Al.Bl FFAISAO rl—Bo[ao/X] SBl[al/X]

Fig. 3. Equality and subtyping rules (selected)

o IfT + IIx: A.B : C, then there exists some i such thatT + A : U, T,x : A+ B: U; and
'rU;<C.

Using the substitution, injectivity and the inversion lemma, we can prove that f-reduction
preserves typing. We defer the precise definition of f-reduction to the next section.

LEMMA 2.3 (SuBJECT REDUCTION). IfT'+a: Aanda~>p b, thenT + b: A.
Finally, type correctness states that if a term is well-typed, then its type must be well-formed.

LEMMA 2.4 (TYPE CORRECTNESS).

o IfT + a: A, then there exists i such thatT' + A : U,.
e [fT+ra=b:A thenT +a:AandT v+ b: A
e IfT + A < B, then there exists i such thatT + A: U; andT + B : U,.

3 Confluence of fn-Reduction for Strong Normalizing Terms

Our goal in this section is to show that we can implement the subtyping relation T' + A < B.
A key step in this process is to model the typed convertibility relation I + a = b : A with an
untyped reduce-and-compare algorithm defined in terms of fn-reduction. This algorithm, which
we introduce in Section 3.6, is not transitive by definition, a necessary property if we are to use it to
model the transitivity rule of typed convertibility. Instead, we use the confluence of fn-reduction
to show that our algorithmic relation is transitive.
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However, the usual fn-reduction relation is not confluent, due to surjective pairing. (See the
appendix for a proof sketch and Klop [1980] for the full counterexample). We solve this issue by
identifying a set of terms where confluence holds—an inductively characterized set, called SN, that
contains only strongly normalizing terms [Van Raamsdonk and Severi 1995]—and then arguing
that all terms that we care about are in this set. Following Joachimski and Matthes [2003], we use
an untyped logical predicate to show that all well-typed terms are in SN. Because we only invoke
the conversion algorithm on well-typed terms, the confluence result for SN is sufficient to justify
the transitivity of the reduce-and-compare algorithm.

3.1 Reduction Relations and Normal Forms

(Primitive f-Reduction)
PB-AprpPABs PB-ProjPaIr1 PB-ProjPAIR2
(Ax.a) b>g a[b/x] m (a,b)>pa w3 (a,b) >p b
(Primitive n-Reduction)
PE-ApPETA
PE-PAIRETA

x ¢ freevar(a)
Ax.ax,a (mama)>ya

Fig. 4. Primitive § and n-Reductions

Before we introduce SN, we start by reviewing standard definitions that help us both motivate
and state properties about this set.

First, in Figure 4, we define primitive f and n-reductions. Rule PE-PAIRETA is also known as
surjective pairing. We refer to a A-term that can be reduced by one of these primitive reduction
rules as a f§ or p-redex respectively.

We use ~» to denote the strong/full reduction relation, which can reduce anywhere in the term,
including under constructor forms, and = to denote its parallel variant [Barendregt 1993; Takahashi
1995]. To be specific about which primitive rules may participate in full reduction, we use subscripts.
Thus, the relations ~» g, ~,, and ~ 3, denote the full §, , and fn-reduction relations. We also
use ~», to denote the leftmost-outermost S-reduction strategy and ~»j, as its corresponding weak
reduction variant, which does not reduce under constructors. Note that our proofs do not require
versions of these relations that include n-reduction, so we omit the f-subscript.

Neutral forms (ne) v = x|vu|mv]|mv

Normal forms (nf) u = v|Ixiuwu|Ix:wu|Axul (wu | U
Weak-head neutral forms (whne) e == x|ea|me|me

Canonical forms (canf) h == IIx:A.B|3Zx:A.B|Ax.a| (ab) | U;
Weak-head normal forms (whnf) f = el|h

Fig. 5. Grammars for neutral and normal forms

Figure 5 defines f-neutral (v) and f-normal (u) forms and their weak-head counterparts. An ex-
pression that is in weak-head normal form but is not neutral is called canonical. It is straightforward
to verify that neither neutral nor normal forms contain any S-redexes and that the y-reduction
relation preserves fi-normal forms.

LEmMA 3.1. Ifa € nf ora € ne, thena 754 b.
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LEMMA 3.2. Ifu~>, a, then a € nf. If v~ a, then a € ne.

For the set of well-typed terms, the mutually inductive characterization of neutral and normal
forms coincide with the notion of normal forms parameterized by a reduction relation, the latter of
which characterizes precisely the set of terms that can no longer reduce.

In an untyped setting, the mutually inductive characterization is a subrelation of normal forms
with respect to f-reduction as the former rules out stuck terms but the latter does not. That is, the
converse of Lemma 3.1 is not true—the terms ; (Ax. x) or (x, y) z are unable to take any further
f-steps but are not in normal form as defined by Figure 5.

For the rest of the paper, we use neutral and normal forms to refer exclusively to the mutually
inductive definition from Figure 5.

3.2 An Inductive Characterization of Strongly Normalizing Terms

(Strong Normal Forms)

N-ABs N-PAIrR N-P1 N-S16
b e SN a €SN b € SN A € SN B e SN A €SN B e SN
Ax.b e SN (a,b) € SN IIx:A.B € SN Yx:A.B€ SN
N-SNE N-Exp
N-Univ a € SNe a~ssy b be SN
U; € SN a € SN a € SN
(Strong Neutral Forms)
N-App N-Proj1 N-Proj2
N-Var acSNe beSN a € SNe a € SNe
x € SNe ab € SNe 1 a € SNe 7y a € SNe
(Strong Weak Head Reduction)
N-APPABS N-AprrCONG N-ProjPaIr1 N-ProjPAIR2
b e SN b e SN ag ~sN di b e SN a € SN
(Ax.a) b ~sn a[b/x] ap b ~sn ar b 71 (a,b) ~sn a my (a,b) ~sn b

N-ProjCong1
a ~>sN b

JT1 A ™S8N 11 b

N-ProjConG2
a ~>SN b

JTg A ~28N T2 b

Fig. 6. Definitions of SN, SNe, and ~»gx

Following Van Raamsdonk and Severi [1995], we define the set SN of strongly normalizing terms
mutually with the set of strongly neutral terms SNe and the relation a ~»sy b, a subrelation of the
weak-head reduction relation a ~», b. Ignoring N-Exp, the sets SN and SNe are exactly the sets of
normal and neutral forms from Figure 5. By adding N-Exp, we can expand the sets to include terms
that contain f-redexes but nevertheless reduce to normal or neutral forms.

Recall that weak-head reduction is a normalizing reduction strategy, which can always find a
weak-head normal form if one exists. The side conditions we add to ~>sy help us exclude terms
that are weakly but not strongly normalizing. In rule N-ArpABs, the fact that a[ b/x] is strongly
normalizing alone does not necessarily imply that (Ax. a) b is also strongly normalizing. We can
construct a counterexample by picking b to be an infinite loop and a an expression that does not
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contain the variable x. Thus, the b € SN constraint in N-AprPABs ensures that if the term b is
strongly normalizing and a ~»gN b, then a must also be strongly normalizing.

We note that rule N-App includes a seemingly redundant premise b € SN. Our goal is to ensure
that if ay b ~>sn a1 b and a; b € SN, then ay b € SN, from which b € SN already follows. The
b € SN is in fact absent from the SN definition found in Abel et al. [2019]; Van Raamsdonk and
Severi [1995], and removing it does not affect the set of terms SN characterizes. However, this extra
premise is crucial in the next section for strengthening the induction hypothesis when proving the
antisubstitution property about SN.

By forgetting the SN and SNe premises in ~»gN, we can recover from each of these judgments a
leftmost-outermost reduction (~»;,) sequence to normal or neutral forms.

LEMMA 3.3 (SN LEFTMOST-OUTERMOST REDUCTION).

*

e Ifa € SN, then there exists some normal form u such that a ~>; u.
e Ifa € SNe, then there exists some neutral form v such that a ~;  v.
o Ifa~»sN b, then a~>p b.

In the following, we prove that fn-reduction is confluent by using n-postponement [Barendregt
1993; Takahashi 1995]. A sequence of fn-reductions starting from an SN term can be factorized
into a sequence of f-reductions followed by n-reductions.

An alternative proof of confluence is to use Newman’s lemma with the fact that f5-reduction is
locally confluent. A perhaps surprising result, shown by Joachimski and Matthes [2003], is that
despite the absence of n-rules in the definition of ~»gy, the set SN also characterizes the set of
strongly fn-normalizing terms. However, the proof that terms in SN are strongly fy-normalizing,
as required by Newman’s lemma, is tedious. It requires nested induction and repeated analysis
of possible fn-redexes to show that the set of strongly fn-normalizing terms satisfies the same
congruence rules as SN and SNe.

Our proof based on n-postponement avoids the headache of connecting SN to strong fn-
normalization (defined in terms of the well-foundedness of ~>g,). Furthermore, this proof'is also
more flexible as it allows us to generalize the fn-confluence result to weakly f-normalizing systems
as we show in Section 5.3. Finally, the n-postponement property is a useful result on its own as it
implies that we can interleave  and 5-reductions in arbitrary orders without affecting what a term
can reduce to.

3.3 Properties of SN

Next, we show structural properties of SN to prepare for our n-postponement and confluence
proof. Like the inductively defined normal and neutral forms (Figure 5), the sets SN and SNe do not
contain stuck terms.

LEMMA 3.4 (No Stuck TeErMS). There are no terms a, b, and ¢ such that (a, b) ¢ € SN, m; (Ax. a) €
SN, or 7y (Ax. a) € SN.

Proor. Immediate by case analysis over the derivation of SN. O

The inductive characterization of strong normalization satisfies antisubstitution as well as the
inversion property below, which we prove by mutual induction over the derivations.

LEMMA 3.5 (SN ANTISUBSTITUTION).

o Ifa[b/x] € SN, then a € SN.
e Ifa[b/x] € SNe, then a € SNe.
e Ifa[c/x] ~>gn b, then either a € SNe or there exists by such that a ~>sN by and b = by[c/x].
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LEMMA 3.6 (SN INVERSION).

e Ifab € SN, then a € SN and b € SN.

o Ifm;ae SN ormp a € SN, then a € SN.

e [fIIx:A.B € SN, then A € SN and B € SN.
e [f¥x:A.B €SN, then A € SN and B € SN.

The structural properties are proven by structural induction over the respective derivation except
for the application case of inversion, which requires Lemma 3.5.

Strong normalization is preserved by both f-reduction and n-reduction. However, because SN
and SNe are mutually defined with the reduction relation a ~»sy b, we must simultaneously show
that fn-reduction commutes with a ~>gn b. This proof of commutativity requires us to generalize
the lemma statement to use parallel fn-reduction. Furthermore, we use a ~>gg b to denote the
reflexive closure of a ~»gy b.

LEMMA 3.7 (SN PRESERVATION).

e Ifa€ SN and a =g, b, then b € SN.
e Ifa€ SNe and a =g, b, then b € SNe.
o Ifa~ssN by and a =g, by, then there exists some c such that by =g, ¢ and b; ~>gy c.

The proof for commutativity (the third case of Lemma 3.7) only works because a ~»sy b is a
subrelation of head reduction, which never reduces under constructors. The same commutativity
property does not hold if we replace a ~»gn b with full fn-reduction.

3.4 Postponement of n-Reduction

While p-postponement is a classic result for the pure untyped A-calculus, it does not hold
when we add another constructor (such as pairing). A simple counterexample is the expression
m (Ax. (y, y) x), which normalizes to y by first n-contracting the A-term Ax. (y, y) x to (3, y) then
p-reducing m; (y, y). More generally, the counterexamples involve a stuck term that becomes un-
stuck by one step of n-reduction. However, because SN contains no stuck terms, we can prove
n-postponement for terms in SN without running into the problematic cases!

More generally, we parameterize our proof of n-postponement by the following notion of a
safe predicate P to fully capture the idea that excluding stuck terms is precisely what we need for
n-postponement to hold.

DEFINITION 3.1 (SAFE PREDICATES). We say that a predicate P over the set of A-terms is safe if it
satisfies the following properties.
e IfP(a) holds, then a is not a stuck term.
e IfP(a) holds, then P(b) holds if b is a subterm of a.
e IfP(a) holds and a ~>p, b, then P(b) holds.

The three properties for P guarantee that if we state our property with P as a precondition on
the A-terms, we can always work exclusively with well-behaved non-stuck terms.

LEMMA 3.8 (SN 1s SAFE). The predicate P(a) := a € SN is a safe predicate.
Proor. Immediate by Lemmas 3.6 and 3.7. O

The generalization to the set of safe predicates abstracts away the precise definition of SN, and
allows us to prove n-postponement for sets containing non-terminating terms. In Section 5.3, we
discuss how a different instance of a safe predicate may allow us to apply our technique to weakly
normalizing systems.
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The n-postponement theorem that we prove is more precise than the corresponding theorem
found in Barendregt [1993] and Takahashi [1995]. We show that every sequence of fn-reductions
can be converted into a sequence of f-reductions followed by a sequence of 5-reductions such
that the n-reduction sequence does not erase any f-redexes. We denote this restrictive version of
n-reduction as a =, b, mutually defined with the helper reduction relation a =7 b in Figure 7.
Both relations are subrelations of the parallel 5-reduction.

(Restrictive n-reduction (not eliminated))
EP-AprPETA
ay ¢ canf a = a EP-PAIRETA EP-EMBED
x ¢ freevar(a) ag ¢ canf ap =7 a1 a=; b
(Ax. a9 x) = a1 (71 ag, M3 ag) = @y a=, b
(eliminated)
NEP-ABsCoNG NEP-ArrCoNG NEP-PAIRCONG
a) =r I a) =7 a1 bo = b1 a) =r a1 bo = b1
Ax.ay =7 Ax. a ap by = a; by (ag, bo) =+ (a1, by)

Fig. 7. Definitions of restrictive n-reductions (selected)

These definitions track whether we are reducing the scrutinee of an elimination form. The
relation a =, b can be used when the term a is not used in this way. Thus, we can freely perform
n-contractions through EP-AprpETA and EP-PAIRETA without erasing any f-redex. The a =7 b
relation, on the other hand, is used for subterms that are being eliminated and therefore is not
allowed to perform any n-reduction steps at the top-level since doing so would erase potential
p-redexes.

The desired property that a =, b does not reduce a ff-redex can be stated as follows.

LEMMA 3.9 (RESTRICTIVE-f AND NF). Ifa =, b ora =7 b, then b € nf implies a € nf.
Proor. Immediate by mutual induction over the derivations of a =, b and a =; b. ]

The following lemma allows us to decompose one step of parallel -contraction into a sequence
of B-reductions followed by one step of restrictive y-contraction. This property requires a safety
predicate P as part of the precondition.

LEMMA 3.10 (7-DECOMPOSITION). Let P be a safe predicate. If a =, b and P(a), then there exists c
such that a ~% cand c =, b.

B

Proor. By inducting over the derivation of a =, b. The only interesting cases are the cases for
n-rules (P-AppETA and P-PAIRETA in the appendix).

Since P is a safe predicate, every term that a can reduce to, including their subterms, must also
be in the P predicate and therefore cannot be stuck.

We show the function 7 case to demonstrate how the lemmas defined earlier are used. In this
case, we have a = Ax. ay x where x ¢ freevar(ay) and ay =, b. By the induction hypothesis, there
exists some ¢, such that a, «»Z ¢ and ¢y =, b. Our goal is to find some c such that Ax. qy x '\»; c
and ¢ =, b.

From a, MZ cg, we deduce that Ax. gy x ,\/)2 Ax. ¢y x. When ¢, is not in canonical form, we
use EP-APPETA to finish off the proof by picking ¢ = Ax. ¢y x. The precondition of Ep-ArpETA
requires co =7 b rather than ¢y =, b, but these two relations coincide when we are stepping from
a non-canonical form.
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When ¢ is a canonical form, we know that it must take the form Ax. ¢; for some term ¢, since
otherwise Ax. ¢y x would be a stuck term, which contradicts the fact that P(Ax. ¢y x) holds. Next,
we pick ¢ = Ax. ¢; and construct the reduction sequence a = Ax. ay x '\»; Ax. (Ax. ¢) x ~p Ax.cp =
¢ =, b. O

The parallel n-rules for functions and pairs are hard to analyze as they may reduce any finite
number of outermost y-redexes. Lemma 3.10 addresses this problem by decomposing a single step
of parallel n-reduction into a sequence of S-reduction followed by one step of =, which can only
reduce at most one outermost -redex. Thus, Lemma 3.10 subsumes the notion of k-fold n-expansion
from Takahashi [1995] as a tool to make inverting on the derivation of parallel #-reduction tractable.

LEMMA 3.11 (7-POSTPONEMENT). Let P be a safe predicate. If P(a), a =, b, and b ~>4 c, then there

exists some ¢y such that a «»;} co and cg = c.

Proor. By induction on the derivation of a =, b. Most cases are trivial except for the congruence
rules for elimination forms, where Lemma 3.10 is required. We only consider the congruence case
of function applications (rule P-AprCoNG in the appendix) as the other cases are similar. In this
case, we have a = ay a; and b = by by such that ay =, by and a; =, b;. Our goal is to find some
term ¢ such that ay a; ~7% ¢ and ¢y = by by.

We invert on the derivation of b = by by ~>4 c and consider two possible cases. In the first case,
by by steps into c through one of the congruence rules for application. The goal is then immediate
by the induction hypothesis.

In the second case, we have by by = (Ax. by) by ~>p by[b;/x] = c for some term b;. Applying
Lemma 3.10 to the hypothesis that ay =, by = Ax. by, we deduce that there exists some term a; such
that aq '\»; a; and a; =, Ax. b,. We proceed by inverting over the derivation of a, =, Ax. b,. Only
EP-ArpETA and NEP-ABsCoNG (through EP-EMBED) could have been used to derive a; =, Ax. b,
since n-contracting a pair into a A-abstraction through rule EP-PAIRETA implies the existence of a
stuck term that does not belong to the safe predicate P.

We consider the case for NEP-ABsCoNG, where we have a; = Ax. a3 =, Ax. b, and a3 =, b,
for some as. The induction hypothesis on a; says that there exists some ¢; such that a f\»; a
and ¢; =, b;. We can then construct the reduction sequence a = a a ,\/)2 as ¢ = (Ax. a3) ¢ ,\/)2
as[c1/x] = by[b1/x]. To show that as[c;/x] =, by[b1/x], we first use the fact that the restrictive
parallel -reduction is a subrelation of parallel #-reduction to convert from a3 =, b, to a3 =, bs.
Given a3 =, b; and ¢; =, b, we apply the substitution principle of parallel -reduction to derive
az[c;/x] =, by[b1/x] and thereby finish the proof. The EP-APPETA case is similar, except we have
one extra layer of A-abstraction to f-reduce.

O

COROLLARY 3.1 (STRENGTHENED 7-POSTPONEMENT). Let P be a safe predicate. If P(a), a =, b,
and b~z c, then there exists some by such that a ~7% by and by =, c.

B

Proor. Immediate by composing Lemmas 3.10 and 3.11. O

By composing Lemmas 3.3 and 3.8 and Corollary 3.1, we obtain the final version of our theorem
for SN.

*

COROLLARY 3.2 (J-POSTPONEMENT FOR NORMAL FORMS). Ifa € SN and a ~» iy U for some normal

form u, then there exists a normal form uy such that a '\»):; Uy and uy '\»,’; u.
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Corollary 3.2 states that if some term fn-reduces to some f-normal form, then we can postpone
it in a way such that the intermediate term uy remains in f-normal form. The fact that u, is in
normal form is crucial for deriving the confluence result.

3.5 Confluence of fn-Reduction for SN

Now, we put everything together and prove confluence using n-postponement. First, we review the
definition of confluence.

DEFINITION 3.2 (CONFLUENT RELATIONS). Let R be a binary relation over some set S and R* its
reflexive and transitive closure. We say that R is confluent if the following property holds.

Y(a,b) € R" A (a,c) € R",3d € S, (b,d) € R" A (c,d) € R*
We start by stating the confluence properties of  and n-reductions on their own.
LeEMMA 3.12 (CONFLUENCE FOR f3). The B-reduction relation (~p) is confluent.
LeEMMA 3.13 (CONFLUENCE FOR 7). The n-reduction relation (~) is confluent.

We omit the details of their proofs as they are standard. For our mechanization, we prove conflu-
ence for f-reduction using Takahashi’s complete development [Takahashi 1995], and confluence
for n-reduction through local confluence and Newman’s lemma.

Now we can prove our main result.

THEOREM 3.1 (CONFLUENCE OF f1-REDUCTION FOR SN TERMS). The subrelation of fn-reduction
restricted to the set of SN terms is confluent.

*

Proor. Unfolding the definition of confluence, we need to show that given a € SN, a ~» fn by,
and a '\»;q by, there exists some c such that b '\»*q cand b, «»Z” c.

Note that the statement above might appear stronger than the theorem statement since the SN
condition is only imposed on a. However, they are indeed equivalent thanks to Lemma 3.7, which
states that SN is preserved by fn-reduction.

From by € SN and b; € SN, we deduce that there exist some uy and u; such that b, M; up and

* *

by ~% uy. By Corollary 3.2, we can factorize the reduction sequence a '\»/*}U Uy into a ~» p U2~y
u; for some us.

Up

*

for some u,. Likewise, we can factorize the sequence a ~» pp W into a «»;} Uz ~>

*

n
However, since both u; and u3 are f-normal forms of a, they must be equal according to Lemma 3.12,

the confluence of f-reduction. From u; = u3, we can immediately conclude that uy and u; are
n-equivalent. The result then follows from the confluence of -reduction (Lemma 3.13). O

3.6 Reduce-and-Compare Algorithms for Equality and Subtyping

Next, we define our reduce-and-compare algorithms. Our algorithm for definitional equality is
based on joinability.

DEFINITION 3.3 (JOINABILITY). We say that two terms a and b are joinable (denoted as a || b) if

there exists some term ¢ such that a «»;‘3” candb «»;}’7 c.

A direct consequence of the fn-confluence result is that fn-joinability is transitive.
LEMMA 3.14 (TRANSITIVITY OF JOINABILITY). Ifa,b,c € SNanda | b | ¢, thena | c.
Proor. Immediate by Theorem 3.1, Corollary 3.2, and Lemma 3.3. O
Furthermore, unlike fn-equivalence, the injectivity of neutral forms for joinability is immediate

from its definition.
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LEMMA 3.15 (INJECTIVITY OF f1-JOINABILITY).
o Ifeg,e; eneandeyay | e;ar, theney | e; and ay | a;.
o Ifep, e €neandm ey | mie; orm e | moer, theney | er.

Because joinability is reflexive and symmetric by definition, and transitive through the reasoning

above, we can conclude that it is indeed an equivalence relation. Thus, we can use it as a syntactic
model for declarative equality by simply erasing typing information.

Next, we define a reduce-and-compare algorithm for subtyping. First, consider the following
untyped one-step subtyping relation, which compares its inputs without using fy-reduction.

(Untyped reductionless subtyping)
S-Un1v S-P1 S-S16
S-REFL i<j A <1 Ay By < B Ay <1 A1 By < B
AS] A (Lli Squlj Hx:Ao.Bo <4 HXZAI.Bl ZX:A().BO <4 Zx:A1.31

We extend this definition to an algorithm for subtyping which first fn-reduces its inputs.
DEFINITION 3.4 (UNTYPED SUBTYPING). We say that A is an untyped subtype of B, which we denote

as A < B, if there exists some terms Cy and C; such that A '\»;q Co, B '\»;q Ci, and Cy <1 Cy.

We can also prove that untyped subtyping is transitive, after showing a few structural properties.
LEMMA 3.16 (SuB1 TRANSITIVE). IfA <; Band B<; C, then A<, C.
Proor. We prove the following more general statement:
VABA<1B = V(C,(B<;C = A< OA(CL1 A = C<1B)
The proof itself is straightforward by induction over the derivation of A <; B. O
LEMMA 3.17 (SUB1 COMMUTATIVITY). If A <1 B and A ~>g, Ay, then 3By, B ~>p, By A Ay <1 By.

LEmMA 3.18 (SuB1 PRESERVES SN). Let A, B, and C be arbitrary A-terms. The following statements
hold.
e AcSNeA(A<;BVB<;A) = A=B
e AeSNA(A<Z;BVB<; A) = BeSN
° AMSNB/\(Aﬁl CVCSlA) — A=C
Proor. By mutual induction over the SN definitions. O

The transitivity of untyped subtyping then follows as a corollary of the confluence of fn-reduction
and the above lemmas.

COROLLARY 3.3 (TRANSITIVITY OF SUBTYPING). IfA,B,C € SNand A< B<C, then A< C.

The benefit of using the directed definition of untyped subtyping (A < B) over a declarative
version obtained by erasing type annotations from I' + A < B is that the following no-confusion
and injectivity properties are immediate.

LEMMA 3.19 (NO-CONFUSION FOR UNTYPED SUBTYPING). Suppose A, B € SN and A < B, then the
following holds:

e A and B cannot be type constructors with distinct head forms.
o If A is in weak head neutral form, then B cannot be a type constructor.
e If A and B are both weak head neutral forms, then they cannot have distinct elimination forms.

LEMMA 3.20 (UNTYPED INJECTIVITY OF TYPE CONSTRUCTORS).
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. Ifo:A().BO <IIx:A;.By, then Ay < Ay and By < B;.
° Ifzx:Ao.Bo <3x:A;. By, thenAO < A andBo < By.
o IfU; <Uj, theni<j.

We use the the transitivity, injectivity, and no-confusion properties of joinability and untyped
subtyping in the next subsection to show that they are adequate models of the declarative relations.

3.7 Strong Normalization

(Logical predicate)

SWrt-P1
F € Term — P (Term) [A]; \ Sa Va,a € S4 — [Bla/x]]; \, F(a)

[Mx:A. B]; \, 1(Sa, F)

SWrt-S16ma
F € Term — P (Term) [A]; \ Sa Va,a € S4 — [Bla/x]]; \, F(a)

[Zx:A. B]; \, 3(Sa, F)

SWT-STEP SWT-UN1V SWT-NE
A ~gN B [[B]],\S j<i A € SNe
[Al: \. S [U]: o AA |38, [A]; N\ S} [A]: ™\, SNe

(Auxiliary definitions)
a € SNex = 3b,a ~gy bA b e SNe
bell(Sy,F) £ Va,ae Sy — bae F(a)
c€3(SaF) 2 ceSNexVIab,c~iy (ab)AaeSsAbeF(a)

Fig. 8. Logical Predicate

Finally, we use a logical predicate to show that all syntactically well-typed terms are contained
in SN, i.e. are strongly normalizing.

Inspired by the inductive model for universes from Abel et al. [2008], we apply the SN-
method [Joachimski and Matthes 2003] and define our logical predicate as an inductive relation
over untyped A-terms, closed by ~»>gy in rules SWT-S16ma, SWT-STEP, and SWT-NE.

The logical predicate (Figure 8) takes the form [A]; \, S, meaning that the raw term A is a
semantically well-formed type from the ith universe and is interpreted as the set of A-terms S. Note
that Rocq does not support the definition from Figure 8 as is because it requires nesting an inductive
definition inside a recursive function over the universe level i. Our Rocq encoding is based on Liu
et al. [2024a], which defines the predicate inductively over a parameterized interpretation of lower
universes and then ties the knot by well-founded recursion over the universe level i.

An immediate result we can show is adequacy, which implies that every well-formed type is
inhabited by terms from SNe, and every term that lives in the logical predicate is in the set SN.

LEMMA 3.21 (ApEQUACY). If[A]; \\ S, then SNe C S C SN and A € SN.

ProoF. By nested induction over the universe level i and the derivation of [A]; \, S. The only
interesting cases are SWT-P1 and SWT-S16Ma4, both of which follow from Lemma 3.5. O

The interpreted set S is always closed under a ~>gn b.

LEMMA 3.22 (BACKWARD CLOSURE). If[A]; \\ S, b€ S, and a~»>gn b, then a € S.
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LEMMA 3.23 (LOGICAL PREDICATE CASES). If[A]; \, S, then there exists some type constructor Ay
such that A ~3 Ay and [Ag]i \, S.

Proor. By straightforward induction over the derivation of [A]; \, S. ]
The following lemma semantically justifies the untyped subtyping relation.
LEMMA 3.24 (LOGICAL PREDICATE PRESERVED BY SUBTYPING).
VYABS)SLIAL N\ SoA[Bli \S1AA<SB = S§,C S
PRrooF. As in Lemma 3.16, we need to prove the following generalized statement.
VYABSo S, [Ali \NSoA[Bli St = (A<B = Sy CS)A(B<A = 5 C5)

The proof proceeds by induction over the derivation of [A]; Y\, Sy followed by case analyzing
the derivation of [B]]; \, S; with the help of Lemma 3.23. Lemma 3.19 is used to rule out the
contradictory cases where A and B evaluates to distinct head forms. Lemma 3.20 is used to obtain
the subtyping premises required to apply the induction hypotheses.

O

The next corollary allows us to treat our logical predicate as a partial function that takes a type
and universe as inputs, and returns a set of A-terms as its output.

COROLLARY 3.4 (LOGICAL PREDICATE IS FUNCTIONAL).

VA Sy SLIAL N\ So A AL N\ Si = So =5,
Proor. Immediate by instantiating Lemma 3.24 with A < A. O
We can prove that the logical predicate is cumulative.
LEMMA 3.25 (LOGICAL PREDICATE CUMULATIVITY). If[A]; \, S and i < j, then [A]; \, S.
Proor. Immediate by induction over the derivation of [A]; N\, S. ]

The cumulativity result allows us to strengthen Lemma 3.24 and Corollary 3.4 to not require the
universe levels of the premises to be the same. We will continue to refer to the same lemmas to avoid
duplicating the definitions, and we will implicitly compose those lemmas with the cumulativity
result as needed.

We are now ready to define the notion of closing substitution, on top of which we build our
notion of semantic typing, equality, subtyping, and context well-formedness.

DEFINITION 3.5 (CLOSING SUBSTITUTIONS). Let p be a mapping from variables to A-terms. We say
that p is a closing substitution for the context I, denoted as p £ T, if forall x : A € T, i, and S such
that [A]; \, S, we have p(x) € S.

We write a[p] for the term obtained by replacing every free variable x in a with p(x).

DEFINITION 3.6 (SEMANTIC WELL-TYPEDNESS). A term a is semantically well-typed with type
A under the context T, denoted asT £ a : A, if for all p £ T, there exists some i and S such that

[Alpl]i S and a[p] € S.

DEFINITION 3.7 (SEMANTIC EQUALITY). The terms a and b are semantically equal with type A
under the contextT', denoted asT e a=b: A, whena | bandT Ea: AandT E b: A.

DEFINITION 3.8 (SEMANTIC SUBTYPING). The term A is a semantic subtype of B under the context
I', denoted asT £ A < B, when A< BandT ¥ A: U; andT £ B: U,.
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DEFINITION 3.9 (SEMANTIC CONTEXT WELL-FORMEDNESS).

SWF-Cons
SWr-Ni FT TeA:U
E - El, x:A

By unfolding the definitions above, we immediately obtain the following structural lemmas
about semantic typing.

LEMMA 3.26 (SEMANTIC WEAKENING). IfT Fa: A x¢T, and I £ B: U; then I',x :Bra: A
LEMMA 3.27 (SEMANTIC SUBSTITUTION). I[fT Fa:Aand I',x :AE b: BthenT E bla/x] : B[a/x]

LEMMA 3.28 (SEMANTIC LOOKUP). Ifk I, then for all x : A € T, there exists some universe level i
such thatT £ A: U;.

Similar results for equality and subtyping are omitted as they directly follow from the above.

Note that all of the structural rules we have seen so far can be proven by unfolding the definition
of semantic typing. Thus, they are useful for organizing the proof but are not necessary for deriving
the fundamental theorem.

THEOREM 3.2 (FUNDAMENTAL THEOREM).
o - I' implies £ T
eT'ra:AimpliesT Fa: A
eT+a=b:AimpliesTEa=b:A
eI'r A<BimpliesTE A<B

Proor. By mutual induction over the typing judgments and the structural lemmas. To model the
declarative conversion with untyped subtyping, we require the transitivity and injectivity results
of the latter relation (Corollary 3.3 and Lemma 3.20). Notably, we need the injectivity results here
because of the injectivity rules (rules L-P1Proj1 and L-P1PROJ2) in the typing specification. O

COROLLARY 3.5 (WELL-TYPED STRONG NORMALIZATION). IfT + a: A then a € SN and A € SN.
COROLLARY 3.6 (COMPLETENESS OF REDUCE-AND-COMPARE).

e '+ A< BimpliessA<B

eT+a=b:Aimpliesal b

4 Total Correctness via Coquand’s Algorithm

Corollary 3.6 gives us the completeness of the reduce-and-compare algorithm with respect to
typed definitional equality and subtyping. To prove its soundness, a sufficient condition is to show
that fn-reduction is type-preserving. Unfortunately, fn-reduction is known to violate subject
reduction [Abel and Coquand 2007; Lennon-Bertrand 2022].

However, n-expansion, based on either the shape of the term or its type, is type-preserving. As
a result, it is easier to show the soundness of algorithms that perform 5-expansion with respect
to typed convertibility. Therefore, we next use Coquand’s algorithm extended with surjective
pairing [Abel and Coquand 2007; Coquand 1991], which is based on n-expansion, as a bridge to
show the soundness of our reduce-and-compare algorithm.

This detour through Coquand’s algorithm is itself worthwhile as we gain a correctness proof for
a second decision procedure, which can be more efficient.

In this section, we first extend the syntactic metatheory of Coquand’s algorithm [Goguen 2005]
with pairs and subtyping. We then show that this extended version of Coquand’s algorithm is
sound with respect to typed convertibility (Lemma 4.4), complete with respect to untyped subtyp-
ing (Lemma 4.8), and terminates on SN terms (Lemma 4.6). The soundness and completeness results
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Definitional Subtyping (I' - A < B)

lCorollary 3.6

Reduce-and-Compare (I' + A,B: U; A A < B) Lemma 4.4

lLemma 4.8

Coquand’s Algorithm (' + A,B: U; A A < B)
Fig. 9. Equivalence of Algorithmic and Declarative Subtyping Relations

allow us to show that Coquand’s algorithm, the reduce-and-compare algorithm, and typed con-
vertibility are equivalent on well-typed terms, following the diagram in Figure 9. This equivalence
result, combined with termination, completes our main decidability proof.

The most involved part of this process is the completeness proof (Lemma 4.8). We need to convert
a potentially non-type preserving fn-reduction sequence into a run of Coquand’s algorithm: -
reductions interleaved with n-expansions. Goguen [2005] shows that Coquand’s algorithm (with
only function n-law) can be syntactically justified from the confluence of fn-reduction. We apply
this technique to justify the completeness of both the subtyping and equality relation.

4.1 Coquand’s Algorithmic Conversion by n-Expansion

Our version of Coquand’s algorithmic equality, based on Coquand [1991] and Abel and Coquand
[2007], is as follows.

aeb (Algorithmic equality)
CE-RED
fo € whnf
fi € whnf a~ fo b~ fi fo~fi
ae— b
fo~ N (Algorithmic equality for head normal forms)
CE-ABSNEU CE-NEUABS
CE-ABS e € whne e € whne
CE-Var ae—b aeex x ¢ freevar(e) ex o b x ¢ freevar(e)
X~ X Ax.a~ Ax. b Ax.a~e e~Ax. b
CE-PairNEU CE-NEUPAIR
CE-PAIR e € whne e € whne
ap <& A1 bo(—)bl dyp <> T € bo(—)ﬂze 1 e < dp 7'[26‘(—)!70
(a0, bo) ~ (a1, by) (ag, by) ~ e e ~ (ag, by)
CE-P1 CE-S16
CE-Untv A() A d A1 BO d B1 Ao d Al B(] d B1
ﬂiN(Llj H.X'IA().BO ’VHXZAl.B] ZXZAo.BONEXIAl.Bl
CE-Arpr CE-FstT CE-SnDp
¢y € whne e; € whne ¢y € whne ¢y € whne
e ~ € ap © a e; € whne e ~ € e; € whne e ~ €
€ ap ~ €1 a1 1 € ~ TT1 €1 T2 € ~ T2 €1
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We follow Goguen [2005] and split algorithmic equality into two mutually defined relations, where
a < b is the top-level definition for algorithmic equality with a single rule that evaluates a and b
into their respective weak head normal forms f; and f;, and then check that f; ~ f; through the
auxiliary relation defined only for weak head normal forms.

Inspired by Coquand’s equality algorithm, we define the algorithmic subtyping relation below,
which performs weak-head reduction and compares types in weak-head normal forms.

(Algorithmic subtyping)

CLE-ReD
fo € whnf
fiewhof A~rfy B~ifi  fisSh
A< B
fsh (Algorithmic subtyping for head normal forms)
CLE-NEUNEU
CLE-UnN1v CLE-P1 CLE-S16 ey € whne
i S] A< AO BO < B AO < Ay Bo < B; e € whne € ~ €1

(LIIS(LIJ HXZA().B()SHX:Al.B] ZXIA().B()SZXIAl.Bl e < e

Above, A < B is the top-level subtyping relation defined over arbitrary terms and fy < f; the
auxiliary subtyping relation over weak head normal forms. For convenience, we refer to both the
equality and subtyping relations as Coquand’s algorithm.

Coquand’s algorithm uses the shape of the two terms being compared to guide n-expansion. In
rule CE-ABSNEU, we have a A-term Ax. a on the left-hand side and a weak neutral term e on the
right-hand side. Thus, the only way to make progress is to 7-expand e into Ax. e x so we can check
the equality by comparing its body e x to a, the body of Ax. a.

The subtyping relation assumes that the terms being related are types. In cases where either side
of A < Breduce to a term constructor such as a A-term or a pair, the algorithm returns false. When
both A and B are in weak-head neutral form, CLE-NEUNEU falls back to checking whether A and B
are equal neutral terms.

4.2 Soundness of Coquand’s Algorithm

The soundness property states that well-typed terms related by algorithmic conversion must also
be convertible by the type-annotated subtyping relation. The proof of soundness, at a high-level,
amounts to showing that givenI' + A: U;, T + B: U; and A < B, only well-typed terms appear in
the derivation tree of A < B.

Before we dive into the soundness proof, we state two corollaries of the normalization prop-
erty (Corollary 3.5) that we use to reason about subtyping.

LEmMA 4.1 (P1sUBTYPING). IfT' F IIx:A.B< C orT + C < Ilx: A. B, then there exists some Ay, By,
and i such thatT + C =TIx:Aq. By : U;.

LEMMA 4.2 (UN1v SUBTYPING). IfT' + U; < C orT + C < U,, then there exists some j and k such
thatT + C =U; : Uy.

Now we can show the soundness of Coquand’s equality with respect to definitional equality.

LEMMA 4.3 (SOUNDNESS FOR ALGORITHMIC EQUALITY).
elffae>bandT ra:AandT'+b: A thenT Fa=10b: A

o Iffo ~ fi, then
—ifT+fo: AandT v f; : A where fy, fy € whnf, thenT + f = f1 : A.
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— if both fy and f; are weak-head neutral, then if T + fo : A andT v fi : B, there exists some C
suchthatT + C<AT+HC<BandT'+fy=f :C.

Proor. By mutual induction over the derivations of a <> b and f; ~ fi. We consider only case
CE-Arp to highlight complexities introduced by subtyping. Suppose we have fy = ey ap ~ e; a1 = fi
It suffices to show that the third bullet point holds as it subsumes the second bullet point when
both terms are neutral. Suppose also that T' + ey ap : Aand T + e; a; : B for some A and B. By the
inversion lemma (Lemma 2.2), there exists some terms Ag, By, A; and By such thatT + ¢ : IIx: Ag. By,
IF're :IIx:A1.B;,T+ag: Ay, TFay:A,TFBylay/x] <AandT + Bi[a;/x] < B.

Applying the induction hypothesis to the neutral forms ¢, and e;, we know that there exists
some type C such thatT'+ ey = e; : CwhereI' v C < IIx:A¢. By and ' + C < IlIx:A;. B;.

By Lemma 4.1, there exist types Ay, B; and i such that I' - IIx: A,. B, = C : U..

Therefore, we can replace the occurrences of C with I1x: A,. By, obtaining the following state-
ments.

o ['+e =¢e :[Ix:A;. By
o '+ 1Ix:A;. B, <Ilx:Aj. By
o I'+IIx:Ay. By <Ilx:A;.B;

By the injectivity rule L-P1Proj1, we deduce I' + Ay < Az and I’ + A; < A,. This allows us to
convert the type of both gy and a; to A;, so we can obtain T + gy = a; : A; from the induction
hypothesis. By rule E-Aprp, we have I'  eyay = e; a; : By[ay/x]. It now suffices to show that
T+ Bylag/x] < Byl[ag/x] and T + By[ag/x] < By[a1/x].

We can prove ' + By[ag/x] < By[ao/x] immediately by L-PiProj2. To prove T + By[ay/x] <
Bi[a1/x], we cannot directly apply rule L-PIPROJ2 as ay is not necessarily typed under A;. Instead,
we need to first apply transitivity and show I' + By[ag/x] < Bz[a1/x] < Bi[a;1/x]. The two subgoals
then follow from L-P1Proj2. ]

The soundness property for subtyping is formulated similarly, though we do not need to include
the special case when both types A and B are neutral since subtyping for neutral types degenerate
into equality, whose soundness we have already proven.

LEMMA 4.4 (SOUNDNESS FOR ALGORITHMIC SUBTYPING).

o fA< B, andT v A:U;andT + B: U;, thenT + A< B.
o Iffo < fi wherefy, fi € whnf, T + fo : U; andT + fi : U;, thenT + fy < fi.

Proor. By mutual induction on A < Band A < B. The only interesting case is CLE-NEUNEU,
where A and B are neutral. We finish the proof by simply composing Lemma 4.3 and rule L-EqQ. O

4.3 Termination of Coquand’s Algorithm

To prove termination, we use a termination metric over the input terms a and b from Goguen
[2005], extended to include pairs. (A similar metric with pairs but only for f-forms can be found in
Abel and Coquand [2007].)

DEFINITION 4.1 (TERMINATION METRIC FOR COQUAND’S ALGORITHM). Given two f-normalizing
terms a and b, there must exists some f-normal forms uy and wy such that a ~>; ug and b~ u;. Let
m and n be the number of steps it takes for a and b to reduce to their respective normal form, we define

the termination metric 7 (a, b) = m + n + |up| + |uy1|, where the | - | is a size function over A-terms,
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defined as follows.

[Ax.al =3+ |aq
labl =1+ |a| +|b|
|(a,b)| =3+ |a| + ||

|y al = |mzal =1+ ||

The | - | function weighs constructors more than elimination forms, allowing us to show that the
inputs to recursive calls in CE-ABSNEU and CE-PAIRNEU are decreasing.

Goguen [2005] uses the definition of 7~ as metric for both the termination and completeness
proof. We take a more modular approach by introducing an intermediate inductive relation that
characterizes the domain of the conversion algorithm. The intermediate relation serves two purposes.
First, once we have shown that every pair of terms a and b such that 7 (a, b) is defined inhabit
the domain, then we can immediately recover termination by the Bove-Capretta method [Adjedj
et al. 2024; Bove and Capretta 2005; Jang et al. 2025]. Second, the intermediate relation abstracts
away the low-level details of the termination metric and allows us to reason by induction over the
call-graph of the algorithm, significantly simplifying our reasoning.

We write the relations encoding the domains for equality and subtyping as (f, fi) € A and
(fo, f1) € S, which correspond to fy ~ fi and fy < fi, and (a, b) € A* and (A, B) € S*, which
correspond to a <> b and A < B. We omit the definition of these relations here as they are a
straightforward application of the Bove-Capretta method. These relations can be derived systemat-
ically from the inductive definitions of a <> b and A < B by erasing the checks at the leaf nodes
(e.g. i < jin CLE-UN1v) and including rules for conflicting head forms to cover the inputs where
the algorithm returns false. The definition can be found in the supplementary material.

The following properties can be proven by induction over the termination metric. We omit the
proof, as it follows the exact same structure as the termination proof by Goguen [2005].

LEMMA 4.5 (METRIC IMPLIES DOMAIN). Ifthere exists somen such thatT (a, b) = n, then (a, b) € A*
and (a, b) € S*.

By Corollary 3.5, all well-typed terms are strongly normalizing, and therefore for every pair of
terms a and b, 7 (a, b) is defined. By Lemma 4.5, we deduce that (a, b) € A* and (q, b) € S*, and
we can then define the equality and subtyping functions recursively over the derivations of the
domains, concluding the proof of the following termination result.

LEMMA 4.6 (TERMINATION OF COQUAND’S ALGORITHM). IfT'+ A: U; andT + B: U;, then A < B
terminates.

Furthermore, fixing a and b as inputs, we can show that the derivation of (g, b) € A* or
(a, b) € 8 does not affect the result of the algorithm. In our Rocq mechanization, we leverage this
irrelevance property to place the domain definitions in the Prop sort so the extracted conversion
algorithm does not have to compute the proofs or recurse over a gas parameter.

4.4 Completeness of Coquand’s Algorithm w.r.t Untyped Subtyping

To show completeness, we reuse the domain definitions from Section 4.3 as our induction metric
and formulate the completeness theorem as follows.
LEMMA 4.7 (COMPLETENESS OF ALGORITHMIC EQUALITY (AUXILIARY)).

o If(a,b)c A, T+a:AT+b:Aanda| b, thena < b.
e If (fy,fi) € A and fy, fi € whnf, then
- ifT+fo:ATFfi:Aandfy | fi, then fo ~ fi.
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— if fo and f; are both weak head neutral forms, then givenT + fo : A,T + fi : Band fy | fi, we
have fy ~ fi.

Proor. By mutual induction over the derivations of (a, b) € A" and (fy, fi) € A. The proof
obligations can be split into two categories: proving the well-typedness of the subterms to be able
to invoke the inductive hypotheses, and showing that the recursive calls are made on terms that
are still fn-joinable so we can meet the prerequisite for applying the induction hypotheses.

We consider the case that corresponds to rule CE-Arp as an example. In this case, we have
(e ag, €1 a;) € A where (ag, a;) € A*, (ey, e1) € A, T +eyag: Co, T +ejap: Cp,and e ay | e aj.
By inversion (Lemma 2.2), there exists some Ay A; By By such that ' + ¢y : IIx: Ag. By, T' F ag : Ao,
T're :IIx:A1.B, T Fay: Ay

By the injectivity of application forms for fn-joinability (Lemma 3.15), we deduce from ey ag |
e; a; that ey | e; and qg | a;. Since we also know that T + ey : IIx: Ag. By, I' + ¢; : [Ix: A;. B from
the inversion lemma, we can invoke the induction hypothesis and derive ¢y ~ e;.

By Lemma 4.3, we know that there exists a common subtype C for ITx: Ay. By and I1x: A;. B;. By
Lemma 4.1 and rule L-P1Proj1, there exists some A, such thatT' + Ay < Ay, T + A; < A,y. Thus, we
haveT'F ag : A, T + a; : Ay, and qp | a;. By the induction hypothesis, we deduce ay < a;.

From ey ~ e; and ay <> a;, we conclude that ey ay ~ e; a;. m]

The completeness of algorithmic subtyping is stated as follows.
LEMMA 4.8 (COMPLETENESS OF COQUAND’S ALGORITHMIC SUBTYPING (AUXILIARY)).

o If(fo,f1) €S, fo.fiewhnf, T+ fo : U, T + f1 : U, and fyy < f1, then fy < fi.
e If(AB)eS" T+HA:U,T+B:U;,and A< B, then A < B.

Proor. By mutual induction over the derivations of (A, B) € S* and (A, B) € S. The neutral
case (CLE-NEUNEU) requires Lemma 4.7. O

Composing the completeness of Coquand’s algorithm with respect to untyped subtyping
(Lemma 4.8), the soundness of Coquand’s algorithm with respect to definitional subtyping
(Lemma 4.4), and the completeness of untyped subtyping with respect to definitional subtyping
(Corollary 3.6), we conclude our decidability proof with the following equivalence results.

LEMMA 4.9 (REDUCE-AND-COMPARE AND COQUAND’S ALGORITHM ARE CORRECT). GivenT + A : U;
andT + B : U, the statementsT + A < B, A < B, and A < B are all equivalent.

THEOREM 4.1 (TYPE CONVERSION Is DECIDABLE). GivenT + A: U; andT + B : Uj, the relation
I' + A < B is decidable.

5 Discussion

5.1 Admissibility of II-Injectivity
One nonstandard feature of A'->Ui'is the inclusion of the injectivity rules L-P1Proj1 and L-P1PrOj2.
We explicitly add these rules as part of the definitional subtyping relation so that we can prove
subject reduction syntactically, simplifying the definition of our logical predicate in Section 3.7. A
downside of our untyped approach, however, is that the fundamental theorem is not strong enough
to imply that these rules are admissible.

The admissibility of the II and 2-injectivity rules is crucial to model construction. While the
reducibility model in Section 4 satisfies the injectivity of type constructors, there also exist models of
dependent type theory where injectivity of type constructors is not true. For example, the standard
set theoretic models by Miquel and Werner [2003] and Timany and Sozeau [2017] forget too much
information about the syntax of the type theory for injectivity to hold semantically.
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To prove that the injectivity rules are admissible in an intensional metatheory, we could adopt
the proof-irrelevant, Kripke-style logical relation used by Abel et al. [2017]; Adjedj et al. [2024];
Jang et al. [2025] . The Kripke model would allow us to derive the injectivity of type constructors
as a corollary of the fundamental theorem alongside strong normaliztion.

While the Kripke-style model would inevitably add more complexity to our proof development,
our syntactic results developed in Sections 3 and 4 allow us to ask less from the logical relation,
leading to a simpler proof. Unlike the proof developments by Abel et al. [2017]; Adjed] et al. [2024];
Jang et al. [2025], our decidability proof for algorithmic conversion is parameterized only by the
injectivity of type constructors, but not the injectivity of neutral eliminators for definitional equality
and subtyping. The need to derive injectivity for both type constructors and neutral elimination
forms requires either defining multiple logical relations [Wieczorek and Biernacki 2018], or carefully
crafting a logical relation parameterized by a generic equality interface [Abel et al. 2017; Adjedj
et al. 2024]. With our proof technique, a single logical relation would suffice.

As part of our future work, we would like to use a single Kripke-style logical relation to simulta-
neously show strong normalization and the injectivity of type constructors. Composed with our
syntactic proofs in Section 4, we hope to derive the stronger result that a standard representation
without the explicit injectivity rules is in fact equivalent to the system we present in this paper.

5.2 Annotated A-Abstractions

MLEUNjg that function abstractions are not annotated with

Another slightly nonstandard feature of
the types of their arguments. Such annotations are known to invalidate the confluence property
for pn-reduction. Suppose x, y, and z are distinct variables, the term Ax: A.(Ay: B.z)x can either
n-reduced to Ay:B.z or f-reduced to Ax:A.z. Thus, when A and B are distinct types, we obtain a
counterexample to confluence.

Fortunately, confluence continues to hold for terms whose annotations are erased, and we can
show that algorithms over erased terms can still decide type conversion. Suppose the terms Ax:A.a
and Ax:B.b share the same type. By the inversion lemma, we can find some common subtype C of
the types A and B. Rule E-ABSExT, which subsumes both the congruence and n-law for abstractions,
identifies A-terms whose domains share a common subtype. Thus, a decision procedure that checks
the convertibility of two well-formed types can safely ignore those type annotations. In our work,
we consider only unannotated A-terms so we do not have to prove more simulation/commutativity
lemmas between erasure, one-step subtyping, and reduction.

Finally, our proof technique applies even to Church-style systems like PCUIC [Sozeau et al. 2025],
whose congruence rule for A-abstractions, similar to the rule we present below, explicitly compares
the type annotations of A-abstractions.

TrHA)=A;: U, I''x:A+r B: U, I''x:Ara=b:B
TrHAx:A.a=Ax:Ay. b:IIx:A. B

Assuming that Ax:A. a and Ax:Ag. b both share the same type, we can still derive the equivalence
between A and A, from inversion if the system has the uniqueness of typing property or is invariant
on function arguments, justifying algorithms that ignore type annotations.

5.3 Relaxing the SN Condition

Our confluence property for fn-contraction holds only for the terms in the set SN. However, this
condition is stronger than necessary.

We use SN in two ways. To derive n-postponement, we use the the safe P predicate (Definition 3.1)
to rule out terms that can step into stuck forms. To derive fn-confluence, we only need there to
exist a f-normal form, for which SN is a sufficient but not necessary condition.
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An alternative to SN is a predicate that precisely captures terms that never get stuck.
DEFINITION 5.1. We define okay as the the largest set of untyped lambda terms that satisfies the
following properties.
e Ifa € okay, then a does not contain any stuck subterms.
e Ifa € okay and a ~p, b, then b € okay.
Note that okay contains the term (Ax. x x) (Ax. x x) since it loops without being stuck.

Proros1TION 5.1. Terms in the set okay satisfy the postponement of n-reductions.

Proor. It suffices to show that okay satisfies the three condition we specify above.
The first and third properties are immediate by definition. The second property can be verified
by the coinduction principle. O

Thus, the n-postponement proof can be extended to systems that are not necessarily terminating
as long as the terms do not get stuck. To derive fin-confluence, we only need one reduction
sequence to terminate. Thus, assuming 5-postponement, we can obtain fn-confluence from weak
B-normalization.

5.4 Systems with Untyped Conversion
Consider a system with the following untyped conversion rule.
Tra:A A=p, B I'B:U;
I'ta:B

If we know that fn-reduction is confluent, then we can check A | Binstead of A =g, B, and
thus immediately recover the decidability of such as a system without the round trip to a type
directed equality. Furthermore, our type system would no longer require the injectivity rules as
part of the specification as we only need injectivity of untyped equality, which would follow from
the syntactically derivable confluence.

One caveat is that our confluence result holds only for terms in SN, whereas untyped fn-reduction
can easily introduce intermediate terms that are not only ill-typed, but also stuck or not normalizing.
To prove that the reduce-and-compare algorithm is sound and complete with respect to the untyped
declarative conversion, we must restrict the derivation of fy-equality to only include the set of SN
terms. An alternative is to solve the open problem on whether fn-reduction has unique normal
forms in the presence of both function and pair y-laws [Klop and de Vrijer 1989], which, if true,
would imply that A | Bis equivalent to A =, B when A, B € SN, even if the derivation of A =g, B
involves stuck or non-terminating terms.

6 Related Work
6.1 Syntactic Methods for Type Conversion

In this section, we compare our approach with other syntactic proofs of decidable type conversion for
typed fn-equality. (In systems with untyped p-equivalence as definitional equality, the decidability
of type conversion follows immediately from strong normalization and confluence [Barendregt
1993; Geuvers 1994; Luo 1990].)

Goguen [2005] proves the decidability of a logical framework with a typed fn-equality as its
convertibility relation. This system contains only the n-law for functions; surjective pairing is not
considered. Unlike A™-*UeN | the logical framework does not support large eliminations or polymor-
phism. Goguen shows that the soundness, completeness, and termination of Coquand’s untyped
algorithm [Coquand 1991] and Pfenning and Harper’s typed algorithm [Harper and Pfenning
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2005] can be justified by a syntactic proof parameterized over the confluence of fn-reduction and
metatheoretic properties about the type system, including normalization and subject reduction (for
Pn-reduction). Instead of proving completeness with respect to the typed definitional equality, he
proves the completeness of algorithmic conversion with respect to untyped fn-equivalence. That
is, if two well-typed terms fn-reduce to the same term, then one can show their equivalence by
performing n-expansion and f-reduction.

In our work, we make the observation that we can perform Goguen’s completeness proof without
requiring n-reduction to be type-preserving. This allows us to use the completeness proof as a
bridge to relate untyped fn-reduction, which can relate ill-typed terms, to the typed convertibility
relation, which only relates well-typed terms. Furthermore, our development applies to a more
expressive language, which includes large eliminations, surjective pairing, and subtyping. The
latter two features mean that we must rely on SN to show confluence and that our development
cannot rely on the uniqueness of typing.

Abel and Coquand [2007] use a PER model to justify two conversion algorithms for a Curry-style
logical framework that includes surjective pairing. Like later work by Abel and Scherer [2012],
Abel and Coquand [2007] avoid the confluence problem that comes with surjective pairing by
using the extensionality of the PER to model the n-laws from definitional equality. Instead, the PER
model directly justifies a specific reduce-and-compare algorithm that compares the n-equivalence
of f-normal forms. Similar to our development, the correctness of Coquand’s algorithm is proven
syntactically by showing its completeness with respect to the reduce-and-compare algorithm. The
lack of a confluence result means that other variants of reduce-and-compare algorithm that may
interleave f and 5-reduction are not justified. Furthermore, to prove the completeness of Coquand’s
algorithm, Abel and Coquand start by proving it complete with respect to f-normal forms and then
lift the result to include f-normalizing terms. In our development, the confluence result allows us
to directly prove completeness with respect to f-normalizing terms. Finally, our proof is simpler as
it only involves a logical predicate. Because convertibility in our system is modeled as untyped
PBn-reduction, our proof is compatible with untyped definitional equality and we can add subtyping
to our system without any changes to the logical predicate.

Lennon-Bertrand [2025] proves in Rocq positive soundness, negative soundness, and termination
of algorithmic conversion for a Martin-Lof type theory with one universe. The negative and positive
soundness results ensure that the algorithm, upon termination, returns true precisely when its
inputs are definitionally equal. This relaxation of the termination condition allows Lennon-Bertrand
[2025] to formulate partial correctness results for type systems that are not normalizing.

Similar to our work, Lennon-Bertrand [2025] identifies several injectivity and normalization
properties that are needed to carry out a syntactic correctness proof. However, the injectivity
properties required by Lennon-Bertrand [2025] differ from ours in that they are about the typed
definitional equality, whereas the injectivity properties we prove to justify our algorithm are about
joinability, an untyped relation.

Proving typed injectivity and normalization properties has the benefit of being compatible with
singleton n-laws. However, the typed properties not only requires a more complicated logical
relation, but can also cause problems when trying to separate the semantic and syntactic proofs.
Lennon-Bertrand [2025] prove the deep normalization property, which is needed for termination of
the untyped algorithm, using the logical relation by Adjedj et al. [2024]. The same fundamental
theorem used to show deep normalization, however, already implies the completeness of algorithmic
conversion. As part of future work, Lennon-Bertrand [2025] suggests alternative ways of showing
neutral injectivity or termination that do not require the detour to the completeness result of
algorithmic conversion, such as the domain theoretic method by Coquand and Huber [2019].
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6.2 Mechanized Metatheory for Dependent Types

All of our results have been mechanized using the Rocq proof assistant [The Rocq Development
Team 2025], leading to a preference for syntactic reasoning, which is convenient and well sup-
ported by this tool. We leverage the rich ecosystem of Rocq to aid our proof development; we use
CoqHammer [Czajka and Kaliszyk 2018] to automate our proof scripts, and Autosubst [Dapprich
and Dudenhefner 2021] to generate and reason about the de Bruijn representation of our syntax.
However, we are not the first to use a proof assistant to reason about dependent type theories and
we draw on prior efforts.

Barras [1996] uses the Rocq (Coq) proof assistant to mechanize the strong normalization the
Calculus of Constructions (CoC) and extract a decidable type checker. CoC, as an instance of Baren-
dregt’s Pure Type Systems (PTS) [Barendregt 1991], uses untyped f-equivalence as its definitional
equality. The conversion algorithm, which compares f-normal forms of its input, is thus directly
justified by the confluence of f-reduction.

The MetaRocq (formerly MetaCoq) project [Sozeau et al. 2025] proves the correctness of a type
checker for a subset of Rocq that contains only S-rules. Due to Gédel’s incompleteness theorem,
Sozeau et al. [2025] formulate their total correctness result syntactically by assuming strong
normalization. The equivalence between the algorithmic and declarative conversion, on the other
hand, is derived syntatically based on the confluence of f-reduction without relying on any axioms.

Liu et al. [2025] mechanize in Rocq the decidability of conversion for DCOI, a dependently typed
language that supports proof-irrelevance. The definitional equality of DCOI replaces a-equivalence
with a notion of syntactic indistinguishability, which ignores components of the term that cannot
be distinguished by a specified observer level. The conversion algorithm checks the syntactic
indistinguishability of the f-normal forms of its inputs. They prove the correctness of the algorithm
syntactically by composing normalization, f-confluence, and simulation properties which relate
p-reduction and syntactic indistinguishability.

Our proof shares a similar architecture to that found in Barras [1996], Sozeau et al. [2025], and Liu
et al. [2025]. All these works use confluence-based approach to show the decidability of algorithmic
conversion. This paper shows that the same approach works for systems with n-laws for functions
and pairs.

Other projects that mechanize results about dependent-type theory use methods that are less
related to this work.

Abel et al. [2017] use Agda to show the decidability of type conversion for a dependent type
theory with one fixed universe. The algorithm used to decide type conversion is type directed and is
similar to the one found in Harper and Pfenning [2005]. This work, like Harper and Pfenning [2005]
and Abel and Scherer [2012], uses a Kripke-style logical relation to show the total correctness of
the algorithm. To avoid having to define two separate logical relations, one for soundness and
one for completeness, Abel et al. parameterize their logical relation by a relation called generic
equality. A generic equality consists of an equality between types, an equality between terms, and
another equality specifically for neutral terms. They then prove that the fundamental theorem
holds for generic equalities that satisfy an interface of required properties. Thus, the soundness
and completeness proofs now require proving that different equalities satisfy the interface, and the
fundamental theorem only needs to be proven once. Adjed; et al. [2024] adopt the same technique
of a parameterized logical relation in Rocq to not only show the decidability of type conversion,
but also show the decidability of type checking through a bidirectional type checker.

Wieczorek and Biernacki [2018] mechanize the correctness of a normalization by evaluation
(NDbE) algorithm for a dependent type theory with one universe in Rocq, following the pen and
paper proof by Abel [2013]. Similarly, Hu et al. [2023] mechanize NbE for a modal dependent type
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theory with a cumulative universe in Agda. Building on the proof development by Hu et al. [2023],
Jang et al. [2025] mechanize the correctness of an NbE algorithm for a more expressive dependent
type theory that also supports subtyping, similar to AT-*UsN, Jang et al. [2025], like Adjedj et al.
[2024], also include a decidable type checker on top of the decidable conversion algorithm. The
subtyping relation in Jang et al. [2025] is invariant on function domains, whereas our subtyping
relation is contravariant on function domains.

Altenkirch and Kaposi [2016] mechanize the correctness of NbE for a dependent type theory
with a single universe in Agda. Instead of working on explicit syntax, they employ an algebraic
representation of the type system as categories with families [Hofmann and Hofmann 1997],
encoded as a quotient inductive type [Altenkirch et al. 2018], where terms, which are always
well-typed, are quotiented by definitional equality. Unlike the proofs we have discussed so far
(including our own), Altenkirch and Kaposi [2016] use a proof-relevant logical predicate, where the
evidence that a term is reducible is not an irrelevant proof object, but a computationally relevant
structure. The proof-relevance of the logical predicate sidesteps the need for an extensional PER
model to justify the n-laws [Coquand 2019]. In our work, we show that a proof-irrelevant logical
predicate can also help avoid an extensional model by leveraging the confluence of fn-reduction,
although we lose the ability to show the admissibility of the injectivity of type constructors.

Barras [2012] axiomatizes set theory in Rocq, and then models Calculus of Inductive of Con-
structions (CIC) using the formalized set theory. The axiomatization of set theory requires adding
additional axioms to Rocq, but also allows Barras to model the universe hierarchy with an impred-
icative Prop sort, which cannot be inductively defined.

Kravchuk-Kirilyuk et al. [2020] extend the core language for Dependent Haskell [Weirich et al.
2017] with function 5-laws in Rocq. The confluence of fn-equivalence is used to justify the consis-
tency of its extensionally flavored equational theory.

7 Conclusion and Future Work

In this work, we show the decidability of type conversion for an expressive dependent type
theory with function and pair n-laws. To show the confluence of untyped fn-reduction, we use
the inductively defined strongly normalizing terms of Van Raamsdonk and Severi [1995]. From
confluence and the normalization of well-typed terms, we derive a syntactic proof of the total
correctness of Coquand’s algorithm (extended with subtyping) and of a reduce-and-compare
algorithm. Our object language (A™-*VsN) is expressive and demonstrates that the features of modern
proof assistants, such as subtyping, large eliminations, and inductive datatypes, are compatible
with this approach. We have mechanized all of our proofs using the Rocq theorem prover.

Our proof method is novel as it uses a syntactic confluence proof to directly model typed
convertibility as untyped pn-reduction. Compared to existing proof methods, our confluence-based
approach is compatible with untyped convertibility and modularly combines a minimal semantic
proof of normalization with a syntactic proof of decidability. The modularity gives us the option to
carry out the bulk of the decidability proof in a weak metatheory and the ability to explore different
algorithms with minimal changes to the whole development.

In future work, we hope to leverage the modularity of our proof development to prove the
correctness of other type conversion algorithms through syntactic means. For example, we could
replace the iterated weak-head f-reduction in Coquand’s algorithm with an efficient untyped NbE
algorithm, which can be proven correct syntactically through confluence [Grégoire and Leroy
2002]. We also would like to apply our techniques to systems, such as ICC [Barras and Bernardo
2008; Miquel 2001] and DCOI [Liu et al. 2024b], that require untyped equality judgments and so
have previously not included 5-laws for dependent pairs.
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